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On Suríace Waves and Tidal Waves 
near a Promontory. 


BY' 


e~ . - r 
SUDHANSUKUMAR Вамевл. 


2.5 [Read January 26th, 1919.] 


The only problem of the free vibrations of a rotating sheet of gravi- 
tating liquid of ра uniform depth whieh may be considered to | have 
been completely solved i is thé one in: which. the boundary is circular. 
When the Boundary is not circular; the difficulty of a complete solution 
is much. gréater. Lota Rayleigh? obtained ‘a partial solution for the 
` сазе whbi tire boundary i is rectangular, applicable when the angular 
velocity -af? votation is small. ‘In а recent paper Proudman? has п: 
Lord Rayleigh’s ‘approximate theory of diffraction to solve a mn: 
of other problems, namely, those of the diffraction of a.» 
wave by an elliptic island, by a semi-elliptic cape, by = 
bay and by a passage between one sea and another. - ^ 


In the present paper the theory of multiform solution as developéd 
by Sommerfeld has been used to solve the problem of the diffraction 
of surface waves by a long promontory which for ‘simplicity has been 
assumed to be either a semi-infinite plane bounded фу a straight edge or 
a wedge forming a definite angle. The nature ‘of the tidal waves on 
flat rotating sheet of water near a promontory of the above mentioned 
shapes has also been determined. A method has also been given for 
determining the free tidal oscillations in а rotating circular sector, a 
problem* which. Proudman found to be exceedingly difficult fo solve. 


1 Kelvin, Phil. Mag., Aug. 1880; Lamb, Hydrodynamics, $$ 208, 209, 210. 


* Lord Rayleigh, Phil. Mag., V, pp. 297-801 (1903) [Scientific Papers, vol. V, 
р. 93]. See also Proc. Roy. Soc.. A. Vol. 82, p. 448. 


3 Proudman, Proc. Lond, Math. Soc., Vol. 14, p. 89 (1915). 
+ Proc. Lond. Math, Soc., Vol. 12, p. 453, (1913). 
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Case I. Surface TF'aves — Diffrabtion by-a semi- infinite i 
. plane barrier. a 


ax 


-— 


We shall first consider Д, case of waves propagated in a liquid of 
uniform depth under the action of gravity. 


Let the plane of the undisturbed surface be the Hane of ay, and 
let the axis of y be measured in the direction of propagation of the 
wave and the axis of z ‘vertically upwards. Let the barrier occupy the 
half of the az plane for which w is positive. 

Using cylindrical coordinates, we see that since the motion is 
supposed to be irrotational, the уен potential $ must satisfy the 
equation 
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At the bottom of the liquid, when <=—h, 
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On the surface of the barrier wo cd E- E 

ў "gov pn Ea cr 
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surface the condition to be satisfied is 

| 8:9 _ 89 _ _ 

Эт 7-5; =0, when 2—0. MET e (4) 
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Let us now assume that the incident wave is given by the velocity 
а 


; =А ed k саде cos k (æ sin 1 ity cos 0 de cos pt, 
where 
р? -g tanh kh, iss . (5) 
and A is a-constant. | 
It is eaty to see that this expression satisfies (1), (2) and (4)- 
and therefore represenis a set of plane waves which can be maintained 
on the surface of an infinite liquid of constant depth h. This set-of 
waves will be incident on the barrier at an angle 9,. If now Ф re- 
presents the velocity potential of the total disturbance when the barrier 
is present in the liquid, we can assume the following expression for Ф. ` 
Ф=А cosh k (2+h) f (+, 0) cos pt. ... se (6) 


av 
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- | ; "E 
4 tis now easy to'see by substitution in the differential equation (1), 
that f (r, 0). must satisfy the equ&tion > 


8:/,10/,1 Әу, MNT 
Qr TS ge + 6ГЕ /=0 d inc 





of 


and also. since ой thé surface of the barrier 86 =0 when 60 and 


9—2m, f (v, 6) must have the same form as the expression obtained 
by Sommérfeld for the diffraction of plàne ‘polarised ‘light by a per- 
fectly reflecting semi-infinite screen, the magnetic force in the incident 
light being parallel to the edge of the screen. Hence f (r, 6) must be 
given by the expression 

f (n 9)=3 cos k (а sin 0, + y cos 0,) +} cos Е (w sin 0, —y cos 0,) 


ори: T4 ож, 


++ м | cos Е т ъа sin 0, s 008 6; cope | ЧҮ: 
^ К © | Meca КЧ 2d is 
"E: Ы 


++ M Hs i +k (ж sin 0, —y cos 0 oli du E | (8) 


0 i 2, ^ A. 
This by means of a result recently Е d by Hargreaves’ саш” we 


written in the form 


f (r. 0) = cos k (w sin 0, +y cos 0,) +4 cos k (w sin 6,—y cos 6,): 


+ [5 (hr) cos а (5 а ih +9, pee x ‘con Bf 
sin Sha DE B 7 


+ [1,09 cos = a (° cos * ein 901 z) pje cos 42 e 


4 


—sin 70, + m ] i 7 iu 


* Hargreaves, “А diffraction problem and an asymptotic theorem in Sessel's 
series," Phil, Mag., Aug., 1918. ` 
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eo a : . jan ` 
For normal incidence f (7, 0) can be written in the form ` i t 
~@ 


* f(r, 6) =сов kyt J, (kr) сов ETC cos ae J (kr) cos Е 
a Hi SAT d'un e t 


+J, (kr) cos Z o (0) 


- Hence the solution for normal *incidence can be written in the 
form . 


=A cosh Л (2+h) cos ky cos pt : 


+ А cosh A (z4-À) [5 (hr) cos $3, Жз сов 59+...) cos рё... (11) 


This expression can be used to plot the stream lines graphically on 
any plane z=constant.‘ Thé method is to’ plot first tlie equipotential 
2 lines $—const. starting from equidistant points бїз the positive side of the 
E a-axis. It will be noticed that the equipoten£ial lines curve round the 
—c-edge of the barrier and then proceed to infinity ‘asymptotically to the 
negative direction of the «-axis... Thestteam lines “which consist of the 
orthogonal set of lines are easily drawn and are found, over a consider- 
Aa tion of the region, to proceed very nearly from the edge of 
Вет “This is somewhat analogous to the radiation of light from the 

: edge “ the screen in the corresponding optical problem. 


Р; 
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Case n. Su jus JFaves— Diffraction by а 
T ^: wedge-shaped barrier. | 


"Let the edge of the wedge be chosen as the axis of z, and let ғ, б. 
z s he cylindrical coordinates of a point so that the faces of the wedge 
are given by 0—0 “and 0=а and the Space occupied by it is that between 


6=a and 0— =2т. : Ra WP c ee LU ues 
If now the bidia wave be represented by the real m of the 
expression  . tm " 
(s 2 . P ык. | £o m = : 
. $, =A cosh k (z--À)e т cos (0— 600) + Vt] Dn (12) 


Д 


where ст. c V* —g/k tanh kh, | S du x 7 s 
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then it is easy to see that the velocity potential of the total disturbance 
is given by the real part of the éxpression ' 


e 
Ф А соъ ce" | xcd cost y log (o v,)dt, 
Pr 
where ema eK = am бо), o, =cos T gos? —-(0-r-09), ... (18) 
a 


the path of integration being 2 complete: contour which starts from 
conta atid goes to оо, РА without crossing the veal axis. The expression 


d = 





for Ф can also be written in the form = —--—* | 
oo E cae | 
Ф—2А cosh k(s--A)| =) — tos Zt iz sin 22, cos КУФ (14) 
& ` пт sin пті * - в, 
XL 


As in the previous =case ине В: may be used to plot the .. 
steam lines.! BE Ka 


ve ne „=. 
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Case п. (1): Tidal Waves "ear. а long narrow 


4 ^ ^N ‚ Bromontors y. 


Supposé the sheet-of ВЕ to be-rotating with uniform angular 
velocity about an axis perpendicular to itszplane and let the derth of 
water (as rotating in free relative" equilibriuni) be uniform ara ‘equal 
toh. Let { denote the “elevation of the'free surface at any time. Then 


for a disturbance in which the time ¢ only enters through the factor’ 


Net 
e  ,we have the equation 


ac T 7 
Ө" Oy a +126=0, sc" sie (15) 


there being no disturbing force and 


The boundary condition is given by - 
LOS 


ә; 
w BE +20 OE шо, we е (6) 


1 See Wiegrefe, " Über einige бене Ида Lósungen der Wellengleichung 
Vtu+k?u=0 und ihre Anwendung in der о Ann, d. Phys, ва, 89, 
p. 449 (1912), 
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-wheré 52. denotes differentiation along the outward drawn-nokmal:to-thü 
" - AES ОЕ ОРЕ CAEN 
d e. COLE TS 


ave ух ~- 
* P ow ET y 
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boundary and 2. along the e positive diyection of, the ¢ are. We exclude 
( E 
ов cases when =? апа бе ==40°, 


is р 
For a narrow promontory, the boundar y condition reduces to 
i дё e 92 ES 
; 98 + № = =0, (17) 
to be satisfied when 9=0 and 6—92r, 
Let Е 00 G5 +, © 
where £,, É, are subject to the conditions 
- 92.0 i |n 18 
: 99 and "a3 "S .. (18) 
when 0—0 and 0—2r. T 3 
- wh Ы 
< pat 
When o? >4w?, we can asstimé:the following expressions for £, and 
bs ; : И de Урі ‚4 K ү t 
"TU [^ oid eus 
. QAM “== А, J Ў (ве =". 
-7 т==0 2n-4-1 3 
2 





ae [= at. ке) 
{==> +1 Ј AE 
п= 9 ml EN 
р o ta 
It is obvious from the conditions (17) ahd (18) ‘that for £,, we should 
take the real part of the expression p and for б, the imaginary 
part and vice-versa, " : : 


The ата constant À, is determined from the boundary condition 





(17) which gives " 
BEES JU Qc i 
auth 
= 9+1) A, p + 9x Ge) Te s йк A 


to be satisfied for all values of 1 T. 


j iyot 
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But since 








Hy n. an OF UT OF iso. Lll 
UI леш eA emt i 
M NT. с U 2r- а": (2)— J, ants (z) } , "P (20) 





the above equation can be written in the form 


— $24. B. Or) usas UT 
2 2 





+ (2n+1) [Jas i. (7) Зная (kr)]=0. 2o! 


Hence equating the co-efficient of „+, (Fr) to zero, we obtain 


8o 


Any +А, = lee n | tee ose (21) У 
from which we deduce that = Aet _ 
ae a duxi 
_ A, =А, Ба, =... ашыт. he „. (22) 


Hence is expression. for f can E written in in the form 


e ^ M — 
t= Е Jaa ao [* si sin а бое + MET ops к Фе] e 7- (28) 


до 


nz 


= a 


This result will only be applicable over limited portions of the 
region considered, since the fundamental equations are ad only 
valid for limited regions.. 


=. < 
(2) Free Tidal alale in a оа circular . 


sector bounded by 
ya, 6=0, 0= 2r; .. 


То obtain the complete solution for the free tidal oscillations in a 
circular ‘sector bounded by r=a, 6=0 and 0=2т, we notice from the 
above expression for ¢ and from the boundary condition to be satisfied 
on the circular rim that in.the nth mode of vibration k must be taken to 
be & root of the equation. 





(2n--1)o Tansy (ka) Fac ju (а) =0° ... (94). 


d 
d(ka) 
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Hence the tidal height is given by 


jue be = Jen ap | se s е a nine 
k у= 
ie i сЕ вее) у ш 


where the summation extends over allthe roots of the equation (24) 
and the constants B,'s are determined by the equations 





] Jaisa LAY. . d J e+ (ka) ЗЕ 
А [чт iui боле pgp tini ] =0 


[s=0, 1,2... n=l, n+l, +2... ] 


and the periods of the oscillations in the nth mode are given by k which 
are the roots of the equation (24). 


When о? putt we have to replace J, n+ (kv) by I panga (hr). 
Uu m mx 


Case IV. (1) Tidal Waves near a wedge-shaped Promontory. 


The method given in the previous case can be extended to determine 
the tidal heights near a wedge-shaped promontory and also the free 
tidal oscillations in any rotating circular sector. ` 


The boundary condition is 


w 95 „ЗЕ = 


to be satisfied when 6=0 and 9 = а. 


Аз before we take 
| {= 6+0, а ... (95) 


where £,, Ё, are such that | 


| B o ah 
86 and 7$; =0 


when O20 and Pads 35 


UN SURFACE WAVES AND TIDAL WAVES: NEAR A PROMONTORY 9 


We can assume.the following expressions for £,, £, - 


ттд 
ё = = Aid ao teet  ) .. (96) 
n=l пт uL 
i E 
oo таб en (27) 
i= LL J, Qn («+ =), 
a 


with this restriction that in Юе. final expression we take for б, the 
imaginary part and for С, the real part of the expressions assumed and 
vice versa. 


The constant A, can be determined as in the previous case from the 
boundary condition 


J (kr) 


пт 


= TTA, (28) 





d 
Mum. а) Тат (№) =0, "e d 
a 


which has to be satisfied for all values of r, by the use of the following 
expansions? i 


J (kv) 


jum 


t hy Р (ate 9+ Tong tye) ] 


а a 


T4, 9 [ аук (+ б ОЮ |же, ... (29) 


a 98-76 


and ДЕ "tr (kr) =b 9—1 Е Gee (kr)— +1» 09) 


b o [ J (s — 2) (№) — 9 (aye Gr) | Fete... (30) 


a a 


[272224] 


1 These expansions do not appear to have been given by any previous writer, A 
proof of these expansions will be given in a subsequent paper. 
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(2) Free Tidal oscillations in a rotating circular. sector 
. р a bounded "by 


{ әз [ ўа 10-0, and =a., 
‘4 


TS 


As in the previous case. ake method can ais be duod to determine 
the free tidal oscillations i in a circular sector bounded by r=a, 9=0, 
0. .. Med E 


We have z oe gc. ЭЧ 


, - ос 6 4 6 to,é 6 7 
> Br; ж 4 S A. isi = ы dos г | е. - crak 
Б. 1 | e. 9 ). A 7 


Я пт 
a А 
i . . ue 


where B,’s ave determined, by the equations - .. 





= с Quer J pn ka) a d P my 

k $ | a a, d(ka) Pj = 
тү as о -pE 9, 4. a nE], 14-1, n--2 .. .] 
and the summation extends over a the yalues of k which axe the 
roots of the equation—~* VQ ES еее: st. 

< опт i 3 

m J (ka) +o — J (ka)=0. 

9 nr / Ка ds) ) ‚т ) 
үз ОЕ ^a 


Va - 
n i А vy & 


Hence the periods of the free tidal oscillations in а circular sector 
bounded by v—a, 6=0, 0—« in the nth mode are given by k which are 


the roots of ше equation, , ^, ^ . "x 
а) Е 
IE в а, в. (йшй. "m 
004] Ав) Ei. A T 
(o s E 
| К лт: 
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-Оп the potentials of uniform and heterogeneous 
elliptic cylinders at an external point. 


BY 


NixurngaANJAN SEN. 


[Read February 10th, 1918.] 


1. 


The potential of an infinite elliptic cylinder at an external point 
is generally expressed in the form of an integral and it is well-known 
that a transformation in conjugate functions would allow the same 
integral to be represented by a much simpler expression,’ It is here 
proposed to express the potential in trigonometrical series. The 
method followed is that.of ihtégration which will be shown to be appli- 
cable also in the case of heterogeneity. It will be found that the 
potential is always expressible as 


605 
ГЫ n 





oo 
A,logr — > А, 
n=l 


where A, in its most general form can be expressed by hypergeo- 
metric functions in e? (eccentricity), reducing in two special cases to 
finite binomial forms, This happens when the cylinder is homo- 
geneous or when the density (supposed constant along lines parallel 
to the axis) at any point-on the elliptic section vagies inversely as the 
focal distance of the point. We shall simplify our problem by con- .. 
sidering only the logarithmic potential of the elliptic section to which 
the (Newtonian) potential of the elliptic cylinder is equivalent but 
for an infinite constant and the constant multiplier 2. 


2. 


Before proceeding with the solution of the problem proposed above 
it would be useful to consider the expansion of (1-е cos ф)-", е<1, in 
cosines of multiples of $. Expanding (1-е соз.ф)-" hy the binomial 


1 Lamb, Mess. of Math. 1878. 
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theorem and replacing the powers of cosó by cosines of multiples of 
ф it may be shown that? Ё 


oo 
(1-е соз d)" = = AT cos m$ - 
m0 : 


where 





р Ш Gm—1)! e" X ( вт nẹm+l Е ) 
А = (—1) (n—DIml je Е 77 37 mtl e |, 
(e<1) 


where F is the hypergeometric function of the four elements within the 


. . "n. „ . 
parenthesis. Since А. is а Fourier's co-efficient, we have 








т 
с05тф аф _ vA" 
(l--ecosó)' ^ ^" 
—т 
Lope (nt-m—1)! те" (=: nml |. ) 
О uri а E EE 
and m 
к) : | 
cos nọ dp — , 44. (9п+1)! те" в (5 2-3 
| (l-recoso)"*? SAAD (п+1)! 2! ji F wet. 2" 
— p ^ 
: n+l, e) 
= (nye (RED! me O l 
^ (9+1) 12! 9"-1 (1—e2)"*$ i 
' also 


ft 


т 
соз пфіф ° — gyn (Qu)! яте" | 1 "e 
| (Te совр) ™ = (—1) Atel бе Е (и n-Fl, n+l; e?) 


(2n)! re" 1 
nin} 2" (ety 








cc 


! 
^ 


^ being an integer and е<1. 


1 This expansjon in another form is given by Gauss. . 
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= 


. 3. 


-3 


“aking the focus 8 as origin let the шша. of the ellipse- Бе given 
by 
1 


P Z 1ф+есозф`. . е 


Let P be any point (р. $) within the area of the ellipse and А 
another point ‘(7, 0) at a sufficient distance from it. Taking the area 
to be of unit Ба the dios 


р S 
| { log AP рӣрӣф. 
=r 0 
Now a, : 
AP AP? = p?— 2pr cos ($—0) + r°? 
and | . S 
m | э 2 
log AP = logr + #105 {1—2 ( £ ) eos ($—0) + (4 ) ] 
К T 
| - 5 


= paes = ix) cos n ($—0), - 


n=l n 


г being supposed to be greater than the maximum radius vector, če., the 
length of the major axis from S to the remoter vertex of the ellipse. 








Hence Ra tre. Hac 
T 2 B E T А 
ЕС. E. Б D uus cosn($—0)d$ 
уш 3) ([+e cos¢)? eee En arid (l-ecos$)"** ^ — 
—т ` = —т ME: 





ооваф ёф. рун ntl)! же" е 
(1+ есозф)" — (n4-1)! 2! 8"+1 (l—e?) uo 


and ) Ee ` А э 


EET kin аф дф К a 
eic uu T EU, 


-T 


MT 


T4 бо o norWOICKrEHILRANÓÀN SBN- ^^.) 7 : 
Hence 5 
M SEPT 2, тета tye ыд ( ES =. 
But 7 

г = ае = ов ` 


Where 01 is the centre. ` 


So that we have &nally 


edo? У D 


d-e) vues (Qn+1)! 1 (< ) З 
A = logr — E (—1)* m iom, eid.) nO 
and 2V is the potential of the elliptic alid: neglecting an infinite 
constant. А 

ў А 4. 

Let us suppose the cylinder to be héterogeneous and any line 
parallel to the axis to be a line of equal density. Let the density at 
the point (x,y) an the elliptic section be fe, у) where f is a rational 
algebraic integral’ function in = and y. Such a function is also 
expressible in a series in p and of which the typical terms are 
 j?cosg and р°віпоф. 16 will be sufficient fori ш; to. work out the case 


of these two densities. Р 
` | 
:. (ij Suppose the density с==р” cos q $. 


Va f^ log AP рараф, 


the: integration is M: be „carried ~c -over the-entire area of the ellipse, 
- Proceeding exactly dsi in the: previous case we have - - ~ ; 


Then as hefore 








T Й т 
джа cos 9 ф d$ logr— Lee j cosgocosn(p— Odp. 
“tiy (lF e cbs ф)?+* | P порто (1+ есоѕф) "++ 
т $ Е 
"TU ELEME Š EUM eo 7 ^ É р 
_ pt cos 9$ aap иа log r— = н nO "e 
C (2+2) ] (+e cos ф) ?** = (n+p+2)r" 


—т r = 


, el [cos isa (n—3)9] d$ 
; (1-е ёозф) "++? 


—T 
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1 es 


and substituting the values of the integrals from $2 


А 1 
ipta 95 ru д "pta 


Vo Ая - loe nom Ан Ая di : 
п С ена) 98 22d hte) (;) uid 
t 


Mes aq is the positive value of the difference between these two 
integers. 


When g=p one half of the series is expressible in a simpler form ; 
since | г 

Геге Equi (2n--2p 4-1)! gr? A 
(n-Fp-2)! (n+p)! 2*t»31 (le?) Fete 





this part of the parental function can be written as - 


(—1)? е? Es 2(2p-+1)! pe (21-4-9411 
Soe log r— —1)" T— ST 
2r (1—e2)P t$ Кр) 98. „2, ) n*(n4-p-- 2)! (n+p)! 


с n 
( x) cos nb | 
the other part being expressed in hypergeometric functions. This is 


possible only within the limits” in which such separation of terms is 
legitimate. A similar simplification i is possible when q—ptl 





When 4==0 and cp the романы 18 given by 


pta oo "Tor 


l MINE 
Б. Ew p» 


ed (s 3j cos nô, 

' It may be-noted that when pis a negative integer this. formula is 
applicable with а slight modification’ The terms*beginning fiom’ the 
first up to the nth where n=—p-+1 would have their co-efficients in 
finite forms which it is easy to calculate, . ~ 


A very interesting case of the above arises when p=—1 or the 
heterogeneity is of such a nature that the density at any point on the. 
elliptic section varies inversely as the focal distance. Since 

Qn)! 2 
irm YS А б без FO Hb ntl, ntl; e?) 


3 үт fed peu 'z(—1)* (2%)! e 1 


ee eee Ба а a- ау“, 
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. 
we have.in suth a case 


nil h 
vV | LE: n c 
д = Al, logr — =, 8 ЕП) = cos n6 


and making the above substitutions the potential function is found to 
be given by 


"Y (1—2) oou in ope o Qu. B 9 
ті Selop E ) "и! (а НОР Xr и 


(ii) Suppose that the density o = р? sin 9$. 
Then as before 


7T * т x 
У = Us sin gp аф or qoae a [ерта singócosn($-0)d 
(р+8) J (+e cosh)” 2 — , 3 n(nd-p--2) } (14-ecosd) trte ` 
— т 


—п 








sin g$ dó — _ 
5 (1 fe сов) ^ 


— п 


and replacing the product in the numerator of x other integral by 


the sum of two sines we have А 
ntp+ __ дотта 
и = — = А, 29 ane Ауы. © y sin nO, 
mleta n=l "On(ntpt2) | (n4-p4-2) 


The logarithmic term is КЕЯ The line 0=0, б=т is a line of 
zero potential as is obvious. Also аф а great distance from the origin 


where E cu eic, can be neglected the potential is approximately 


p? y? " 
* given by ^ 
+ р+З pts in 0 
У = — В E — А+: | —1 


hence the corresponding equipotential lines are arcs of circles touching 
the major axis at the focus. 


5. —- 


We can determine all the cases in which the hypergeometric 
functions appearing ag co-efficients in the trigonometrical series are 
expressible in finite forms. Two cases we have already studied where 


E 


or 
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they -reduce ‘into binomials; let us enquire if in any other cases such 
reduction is possible. The funetion Е (a; B, y, e?) will be a binomial 
expansion if either у=а or y—f.* Taking the most general case (7) 
$4 we seek to satisfy either of these conditions in both the functions 
"PRO. "ra Күң : ИШ 
A . and B by giving suitable values to p and q. 
TM 8 PT Su. 
(ATE E CxF QI P, "+3 + 271, ep e) 


, hence for the required condition We should have 


EE E a4 14 053 


ul 
n+ SHEHI, 


i.e., bu р=9 | E. 
or " às р+1=9 " ba 


8 


and.. Ariete Охта PH, VS EM, n—q+1; e?) 


2 


which in a similar manner gives Py MEA LA 
td 


; p-34 | 
ғ Г: "s р+ 1-3 4 

So we are to find p and g such that any of the four following sets 
of equations should be consistent 


ne p= } ee 2h 
р=84 p+1=39 р=84` p+l=3) s 


q being zero or an integer. г 


4 
i 


From these four equations we get only two “possible solutions 


| | ane 
"e $=0 


* The other complicated forms, ё@. .Е е Li 1 +1 e? } ure at once 


namely 


Been to be inapplicable here. 


+ 
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"алва ering to the case of homogeneity and to that of the density 
tAuiying as the inverse focal distaifte. These are the only two eases 
tin which the potential function for an infinite elliptic cylinder for the 
Óntside space is expressible in a trigonometrical series with binomial 
co-efficients. 


6. 


In $3 we have obtained а trigonometrical series for the potential 
function V for the outside space by integrating log т throughout the 
, entire area of the section. But in course of our analysis in order to 
make the expansion of the logarithim of the distance PA possible we 
had to introduce a certain limitation, namely that т should always be 
greater than p, this immediately marks out a circular area with centre 
S and radius equal to the maximum radius vector within which the 
point A must not lie. It will now be shown that the series V has a 


, much wider area of convergence which extends even into the limiting 


circle and consequently from considerations of continuity it represents 
the potential function everywhere inside that extended area, 


It is well-known that the series S(—1)" a,cosn@ is convergent 
if a,—>o steadily. Considering .£he present series as a series of the 


same type we have 
_ 2 2 (Qn41)! G y 
nn! (n42)| +)! 2» 


2 L3. РТТ 2". п! үсү" 
^ d(n4-2)' n! (n4-1)! (5) 








_ 2 . 1.3.5... (8п+1) EY 
"n(n42) - 24.6.2. (+9) Vr 

l а ES 

„and this would be a decreasing monotonous sequence tending towards 
the limit zero if we take 
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ss, | 


where S' is the second focus. We can also show by applying the usual 
ratio-test that the series is absolutely’ convergent under the same 
conditions. This shows that in addition to the outside region the 
series is also convergent inside the area lying between the previous 
limiting circle (drawn for the purposé of integration) and а concen- 
trio circle whose radius is SS’. Consequently the present form of ‘the 
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potential function is valid at all points inside these two circles (and 
outside the elliptic area as we are déaling only with the external 


potential). 


It would seem that we are incapable of accepting the potential 
function in the present form of the infinite series inside the cirele of 
radius SS’, But in fact the region in which this trigonometrical series 
fails is much more limited. If we take S' as our origin and proceed 
to find the potentialby the pr esent method we get the same series 
which in, а similar manner may ‘be shown to be applicable everywhere 
outside a circle of radius SS’. In general these two circles bounding 
the regions of convergence overlap outside the elliptic area and it is 
only inside the two small areas common to the two circles and symme- 
trical about’ the minor axis that the present trigonometrical series 


ii 


fails. Excepting this common portion the present form of, V would .4 


hold good everywhere only we should take care to choose the origin , 


properly—ameasuring v from 8 or $' according as the point lies inside 
the circle of centre S’ or В. 


It is curious to note ‘that the convergence of the series depends’ 


on the eccentricity of the ellipse. The two limiting circles would have 
their common portion entirely within the elliptic area if 


SS’ < SB, where B is an extremity of the minor axis ; 
$e, ae | <a 


$e, e < +. 


This shows that when the eccentricity of the ellipse is not greater 


than 4 the function V gives the potential everywhere outside the? 


elliptic area, with judicious choice of origin. This neludes the impor- 


tant case when the ellipticity is small and the ellipse is obtained from” 


a circle by а slight deformation, 


For the area within the two circular strips in which the trigono- 
metrical series fails it is not possible to get by the present méthod a 
simple value for the potential function V. Starting from the begin- 
ning, we: have to divide the elliptic агба into м areas by a circle + 
passing through the point where the potential is sought such that 
every part of the one area is nearer to the origin than the point while 
every part of the second area is further from it. We can use two 
logarithmic expansions in the two areas and find out the potential of 
the two areas separately. The method of procedure is the same as 
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in.$9. We get the potential both i in. direct and inverse powers of 7. 
But as the. expression is not a simple one we do not propose to give 
it here. 


si 1 JO 


A similar investigation is possible in the case of the variable density. 
When the heterogeneity is of the natüre we have assumed in $ 4 we 
can show that at least outside the same two strips of areas between 
the two limiting circles the series V ir § 4 is ' eónvergent. It should 
be noticed that a transfer of origin to the other focus in the case of 
heterogeneity would entail a change in the law of density. But if we 
take the density to be a rational, algebraic, integral function of the 
co-ordinates of а point a transfer of origin would involve a change of 
density of such a nature that ‘the new distribution would still be 
represented by terms of the form p*cosqó and prange: So these 
two cases are sufficient for our purpose. 


As before applying Dirichlet’s test to V in § 4 we get the condition 
of convergence by making the co-efficient of cos 6 steadily tend to 
zero, This leads to such a condition as the following 


Lt (Фв+р+@+1)! е" 
п—>оо n, (n--p-2)! (ng) 1 2"** 


F(n4-14- prt, пъ, ntqtl, e?) (< Ес 
р а T 


If р<9 every term of F is less than ће corresponding term in the 


; = = ; so that- 
expansion of i ett gp Rta’ : 
Ф f - 1 


POS аби НН 
Ё Let р>9 ; the hypergeometric sories iof the form , 


sau моль MOTD у у +++ ца. 
T (а, а+, у; е )=1+ | Ly e TULAESGEB +... 


Since а>у (q being positive) : 


a > atl a+2 
—= t 
y" YHT? у? 7S 
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1 


КЕЕ AUC 


(1—5 y" 
y б 
when the series is convergent. 
Here Lt 2 —1; we can show as iif $ 6 that V should converge at least 
Y . 


(whatever р and g may be) if 


Li 2 Я” | 
=з 0 аа 0 


where С is ultimately of the order — ; if 
: le 
А > 1—e? Я 
te, > 2c 


Hence, at least ontside the same restricted region as in § 6, V 
represents the potential function for the whole external space. 


8. 
In $3 let us suppose that e is equalto zero. Ап ellipse of zero 
eccentricity is a circle and the semi-latus rettum is the radius. ` 


Making this substitution we have the logarithmie potential of ar 
circular area 


V=7a'logr=(ared of the circle)x(log of the distance from 
the centre) and the potential of an infinite cireular cylinder is 
twice this quantity neglecting an infinite constant. Similarly from 
$4 when the density varies as the inverse focal distance we have 


У= (ciroumference. of the circle) x (log of the distance from the 
centre) and the potentials of heterogeneous circular cylinders can 
in the same way be deduced from the other formulae in§ 4. Of 
course all these results admit of easy verification by direct integra- 
tion, » 
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We shall deduce another simple result from the series for the 
potential function in $ 3. Let us calculate the attraction of the 
elliptic cylinder at a point on the major—axis produced of the 
section. On the major axis | р 


and the attraction. is 2 LAS ) . 


Differentiating the series of 33 we have 





(1—e?)? ( av eee See ee 
тї? a; ) 6—0 У, СО грбу Так ртт 


QE unm E coe D] 


с ©. 
CAT n | 





Lo 


= 4т zd ICD — V (ed- 7)? —c? 


=, [= VERE | 
é c? 
where & is the distance of the point from the centre of the ellipse. 
This is the total attraction of an infinite elliptic cylinder at an 
external point on’ the major axis of its section, a very well-known 


result. 


It is also interesting to note that when the cylinder is hetero- 
geneous, the density at any point of the section varying as the 
inverse focal distance, the attraction at any’ point on the major 
axis is similarly expressible in a very simple form, Using the corres- 


ponding formula of § 4 we have as before 9 =0 оп the major axis ; 


noto r 5 ia ‚ 
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and 


aem (9 =; (2n)! ее, 
r += (= D ni (atl)! 2*3 м" 


29 9 2 А 
E + a 


i 
=? +2 [ (1+ =) = (1+ e) ] 
r c Е рот 
Hence the total инсон. =2 (5) 
"2 0—=0 
tet [( ty] 
:, с 
b Ete x d 
=! 41 VE 


where £ is the distance of the point from the centre of the ellipse. 


1.8.5... (би ЕТ) | zeae] 
2.4.6... (m F2) V7 


9. um 

We have so far considered the"case of the ‘complete elliptic area. 
The method of analysis followed here is, hoWever, applicable to the 
case of an area bounded by two elliptic arcs. As any two arbitrary 
arcs would make the results cumbrous we choose here for. illustration 
а very simple case when the result appears in a, rather symmetrical 
form. Let us suppose that the two elliptic arcs have the same focus and 
their major axes lie along the same line. Let S be the common focus 


and let the two arcs whose equations are 


"E | 
= 1-+е cos ф 
о Ty] pu Е 


RU 147 cos $ 

'' -"interséct at C and D and let CS make an angle В with the line from 
which ¢ is measured. Р is any point (р,ф) inside the area and A another 
point (7,0) outside at a sufficient distance from the focus. The area 
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18 divided into two elliptic sectors by the radii vectores SC and SD 
and the potential of the whole area Ве sum ое, potentials, У, and 
У, due to the two sectors. We shall suppose the area to be of unii 
density. Then 
1 
B ў 1+е cos ф 
| log АР рараф 


`В IX: xg | ' 
= | | [ toe т zt y cos n (ф— “ рйрйф 
—g'? n=l 


r being supposed to be greater than SO and the point A uen outside 
the limiting circle described with centre S and radius SC. Hence 


В z^ В | 
zs db ` merger nr cos n ($—0) аф 
as al (1-е cos $)? log * B Noe 4 (1-е cos ф) "+з 


У, > т, (Во (А " 
MEME = e) logr—2 Af) E. Д 
т (В.е) ов” „>, T cos n 6 





cos аф аф 


В 
where Т, (B, г) = |. (1+е cos $)" 


0 


and I, (В, af 5 
1 2 
| à (1-е cos ф) 





tan”! | tan = е м7 те _sin В 


gor 1-е 1--е-соз B' 


We shall put т. (B, e) in the form of a series, Putting 


© 7 "n 
(l+e cos ф)-"+з= m x cos тф 
m= 


м (n--m--1)! e a nmts * 
where A, =(—1) ал eat ETE mt der), 


2i i (e<1) $2. 
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B | : 
Since | cos m cos пф d$ —£ sin (ma ү + Hn (m= 


m+n. . m—n 
o 
= бё 
oar 
1, 2; cos m 
(Ве) | (1+ecos $)**? 
0 в 
оо n+2 е 
=} = A + S. ny 
m=o0 " 
we have 
- оо ~ < 
=[ Д log ;— ~ = : Sm и n 
р »(B, e) og 7 = = Ae Se е9) (1 Lys cos n6. 
Similarly 
va =I ', (т—В, г) log r— 5 5(—1 yc "dr C 7. cos nô. 
p n=l m= Bro 


\ 


The potential of the complete area Г 
У =У, +Y. 


It should be observed that the quantities 1,1, B, e, е! are not all 
independent ; in fact В is determined by-the equation =. 


В -- 
1-е соз В 1—е' cos В" 


When the point А lies within the limiting circle an analysis 
on the same lines is possible if we divide the elliptic area into 
two parts (by a circle with S'as centre and SA ag radius) in which 
two separate logarithmic expansions would apply. In the most 
general case of two arbitrary elliptic arcs, the area may be 
looked upon as the sum of two elliptic segments each of which is 
the difference of an elliptic sector and а triangle. In the preced- 


* 


ing. analysis we have. virtually given the potential of an elliptic . 


.Sector and the potential of a triangle is known. Butas the result 
in all these cases are not simple or symimebrical it is Ве to deal 
with them here, ` Gere à 


Suppose o= екФ. k 
Then - -7 
T 1 
1-е соз ф оо 1 Cp р 
= | | ake [oer жг. ( e) cos n (ф—0) ] рарЯф 
—7 0 . 
T m 7 - T "ES А 
ai (oh ж ст". [|2 cos agoa, 
2 (1-е cos $)? n=l ^(n4-2)* (1-е cos $)"*? 
—т —т 
Now | ES. Vm 
FC EAT wi са т E 2 2 
| ge cos п(ф— 6) d cal lat EL ; 
(Le вов фут: - ? =} ZA e | cos (n--m $—n6) 
—т —т - 
x . o cos (n—m 9—99) | аф. 
and | $. ; ; bc Й 
т = - 
fioe i es -cog (n--m ф—п8) db — К 
рава 
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10. 


In this connection we may also study the potential of’ the 
complete cylinder when the density is an exponential function of- 
the vectorial angle $. As will be shown below this may be consi- 
dered as a generalisation of the preceding cases. The method of 
analysis followed would be exactly similar, 


9. k сов n0— (в-- m) sin n6 


(ит sinh kr, . 


is ps Случ" 
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and 


| Fé eos (n—m $—n0) dd‘ 


т 


да X k cos nü — (п-т) sin пд . 
= (—1) 9. ER e ME sinh kr 


e 


Hence 
M 2 2k An pe, 289 
ene — —1)" 72 logr— —1)"+= 
l*sinh Er 24 | Вт? 987 = E. 





x 


k cos n6 — (n-]-m) sin n8 , kcos n — (п— т) sin nô x (1 и 
[ k* (п-т)? Ез --(n—m)? n(n4-2) 3! 


If we put k-o the cylinder becomes homogeneous and the present 
series in this limiting case degenerates into the series of $ 3. Moreover 
the case of the density peek? can be easily worked out іп a similar 
manner and putting 7k(¢== «/—1) for k we can deduce the formulae of $ 4. 
Thus this form appears to embody in itself all the preceding different 
cases. 


My best thanks are due to Dr, Ganes Prasad for his kind help and 
encouragement and to my friend Mr. Satyendra Nath Bose for his 
encouragement and useful criticism. 


Notes on Inversion. 


. вх c 
ТАВАКМАТН ВНАТТАСНАВУУА, 


| ЕТ 

1. Introductory remarks.—The inverse of а circle with respect 
to any origin О is a circle; but if the circle of inversion 
intersects the circle orthogonally, it becomes its own inverse, the 
points being redistributed. Thus to find the inverse of any point 
P, we describe a circle through P cutting the circle of inversion 
orthogonally, and find the point where OP intersects this circle. 
Thus, “All cireles that pass through a fixed point and eut a given 
circle orthogonally must pass through a second fixed point.” 


, If a quadrangle be inscribed in a conie, its diagonal triangle 
is' self-polar with respect to the conie. If however the diagonal 
tridugle be given, an infinite number of such quadrangles,can be 
drawn. Hence “If an infinity of triangles be inscribed in a conic 
so that their sides may pass through three fixed points, these 
fixed points will form a triangle self-polar with respect to the 
conic.” When, the conic is a circle, its centre is at the orthocentre 
of the triangle formed by the fixed points. | 

8. Tüeorem.— The inverse of а point P with respect to 
two given orthogonal circles in succession is a fixed point Q 
which is independent of the order in which the cirNes are taken. 


Thus, let (О) and (O’) be two circles cutting one anothér” 
orthogonally and P any point in the plane.. Deseribe a circle (С). 
through P cutting the given circles orthogonally. Join ОР -cutting 
(C) in P^, and let O'P’ cut it again in Q, whith is: thus the inverse 
of P with respect to the given circles. Now PP’Q is a triangle 
inscribed in a circle and two of its sides pass through О and 
O', Therefore, by $ 1, PQ will pass through a third fixed point K, 
the orthocentre of the triangle COO’. Thus Q must be necessarily 
determinate. Similar remarks apply for the triangle PQQ’. Hence 
the inverse of a point with respect to two orthogonal circles in 
succession, taken twice over, is the point itself, 
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3. We may go & step further. We ean invert with respect 
to four mutually orthogonal еп%]өѕ and the result will be the same. 
“But if four circles eut one another orthogonally, the centre of 
any one of them is (the radical centre and hence) the orthocentre 
of the triangle formed by the centres of the other three circles. One 
of these circles, therefore, must be imaginary. Thus a glance at the 
adjoining figure is sufficient to reveal the theorem: “The inverse 
of a point P with respect to the four -mutually orthogonal circles 
О, О’, С, K in succession is the original point itself :" The theorem, as 
proved in this way, is seen to be true only when the point P lies on 
one of the four circles. То prove it т all generality we need only 
“recall that Q is determinate so long as C and К are fixed and -that 
we can replace any pair of orthogonal circles, sueh'as О and О’, by 
another orthogonal pair belonging to the same coaxal system, without 
affecting the final point Q. 


II 


1. А conie may be regarded as the envelope of a variable 
tangent. Thus the inverse ofa conic with respect to the origin О 
(which may be easily proved to be a nodal bicireular quartie, the 
common points of the variable circles being nodes on the curve) is 
the envelope of a variable circle passing through О. ‘The locus of 


the centres of these circles is clearly a conie which is called the Focal ` 


Conic of the quartic. 


9. Tüeorem.—1f: a system of co-axal circles intersect in two 
real points O and O’, and if through one of ‘these O, two straight 
lines are drawn to cut the system at P, Р’, P", s... Q, Q’, Ө”, 
< the envelope of the straight lines PQ, P'Q', PQ”, ...... will bea 
parabola of which the other point О” will be the focus. 


For, since O''is- a point on every, Ө! the pedal line L of О” 
with respect to the triangles OPQ, OP’Q’, ......-will evidently be 
the same. Therefore, PQ, P’Q’, P"Q^, ...... will all envelope the 
first negative pedal of L with respect to O’, which is a parabola having 
O' for the focus and L tlie tangent at the vertex. Clearly, the para- 
bola also touches each of the given straight lines. 


8. Now’ invert the whole-figure with геѕрес {о О’; Then we 
have the theorem: “ If two circles cut in two real points О and О”, 


- 
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and -i£ through one of these О an infinity of straight lines POQ, 
РОВ”, POQ”, ...... be drawn, ‘hen the eireumoireles of the 
triangles O'PQ, O'P/Q', O'P"Q", .. ... envelop a cardioide touching 
the given cicles. 


Since when a straight line inverts into a circle, the image of the 
origin in that straight line inverts into the centre of that circle, we see 
that the centres of the circumscribing circles lie on another “circle 
passing through the origin О’. This i is, therefore, the F'ocal Cirele of 
the cardioide. If the given circles аге orthogonal, the focal eirele 
will also pass through O. - 


- Hence the directrix of the parabola wwerts into the focal circle 
of the cardioide. 


The above theorem may be stated in various ways; thus,— 


“Tf the three angles of a triangle are given while the vertex is^ 
fixed and the base passes through a fixed point, the circumscribing 
circle of the: triangle envelops a cardioide, and its centre describes a 
circle passing through the vertex and through the fixed point if the 
vertical angle be a right angle. 


4. Next let us invert the theorem of $ 2 with respect to О. 
Let us, moreover, suppose the given lines through O to be at right 
angles. We thus find the following theorem. “If a system of 
straight lines be drawn throügh a point О’ to cut a given pair of 
perpendicular lines through О, at the points PQ, P’Q’,...... , then 
the envelope of the cireumeircles OPQ, OP’Q’,...... will be a bicircalar 
quartic having a cusp at O.”* 


Further, it is “seen that since O was on the directrix of the 
parabola, the focal conie of the quartic will be a rectangular hyper- 
bola whose asymptotes are parallel to the given lines. Hence also, 
the elementary thgorem: “The locus of the middle points of the 
segments intercepted between two given perpendicular straight lines 
of any number of straight lines drawn through a given point is 
a rectangular hyperbola passing through that point, of which the 
asymptotes are parallel to the given straight lines. 5 


* Tho quartic will-touch the given lines at their points of intersection with 


. straight lines through. О’ parallel to them, 
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III 


]. The correspondence between successive inversions and 
rotations is established in the classical memoirs of (among others) 
Klein, Cayley and Poincare. We shall here only make a few remarks 
on the Cross Ratio Group of Projective Geometry, — 


l z—l z 
a. es i—;! z '.—Y 
9, Itis well-known that the non-homogeneous substitutions of 
the Dihedral Group are— 
ат Qihar 
n E 
sme i шше — 
which are derivable from Cayley's formula [see, ey, Forsyth Theory 
of Functions, ch. xxii, Art. 300]. 

The cross ratio group in- question is nothing other than the 
Dihedral group for 4—3. 

9. Lemma—The direction of the axis being the same, if the 
origin be transferred to a point О’ (f, y, À) and if all the points of 
the points of the z—plane are centrally projected from (0,0, 1) to 
the new plane of z’, to find the relation betyreen the corresponding 
values ойг, 2 


It ean be seen without difficulty that the relation in question is 
g (10): (f+ ig). 
This transformation will be real if g=0, when we have 
=(1—A)s—/ BE» 
4, Now take the ease of the Dihedron in which »=3. 


. The polygon here will therefore be ап equilateral triangle. Take 
its plane to be the plane of у=0. Геб the summits be called 
A, B, C,—where C, the point (0, 0, 1) is also the vertex of 
projeetion. 

We are now to choose the new origin О’, Since the cross ratio 
group permutes the numbers 0, 1, ce among themselves, it is elear 
that the transformation must be made in which the three summits 
correspond to the numbers 0, 1, & on the axis of xeal numbers, 
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Hence, for instance, as the point А is to project to zero, the point О’ 
must bein СА. Thus the origin must lie in the plane of 1=0. 
And since the point B is to become by projection the point 1, the 
length O’ B' (B’ beihg the point where CB cuts the new | «—-axis) 
must equal unity. Hehee without difficulty, the coordinates of О’ 


are seen to be (+ 0, 1-7 8), Here since /=0, the tiansfor- 


[ . , f . E . 
mation is necessarily real.and equation (a) of Lemma gives 





The rotations belonging to the dihedral group are:— 

(t) the rotation about a line through О, the-centre of the 
sphere, perpendicular to the plane of the paper, (a) through 120°, 
(0) through 240°, (c) through. 360?,—this last giving the iden- 
tical substitution ; 

(ii) the rotation through 180? about each of the secondary 
axes through A,B and C. 

Using Cayley's formula and then making the transformation 
here indieated, the corresponding substitutions are seen to be in 
the following order. 





, and ғ =1—2. 
t * i ” 


Thus we' have ebtained all the substitutions of- this group, and 
the six anharmonie ratios of four points. in a straight line thus 
have a correspondence with the rotations of a sphere, or with 
their equivalents, the successive inversions in circles. Interpreta- 
tions of the harmonie and equianharmonie groups. are. now. easy 
and. at the same time interesting. 


On the use of Ritz’s method for finding the 
vibration-frequencies of heterogeneous 
strings and membranes. 


ө 
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N. К. MAJUMDAR. 
[Read September 23rd, 1917.) 


CONTENTS; 
Introduction. 


Ritz's method briefly explained. 


Problem of heterogeneous strings defined. 


Case II: р=1-9 cos 2w. First approximation. 


$ 1-2 
$ 3 
$ 4 
$ 5-6. Case І: p—l-qe?. First and second approximations, 
§ 7 
$ 8. Heterogeneous square membrane. 

$ 9, Case I: p—l. Homogeneous membrane. First approxima- 


mation. 


$ 10. Cass II: p—l-Fq4?y?. Heterogeneous membrane. First 
approximation. 


Introduction. 


1. The object of the paper is to show how reliable results about the 
vibration-frequencies of heterogeneous strings and membranes can bë 
obtained by the use of a method, the germs of which are found in Lord 
Rayleigh’s writings, and which was first clearly expounded by Ritz.* 


2. Itis believed that no previous writer has applied this method 
to determine the vibration-frequencies of heterogeneous strings and 
membranes, although the method has found applications to numerous 
other problems by many investigators, including Ritz himself, who 
considered the vibration of plates,t Prof. А. Е. Н. Love, who studied 
the theory of tides,f Prof. Kalahne and Dr. Reinstein. 


_ * Grelle's Journal, Vol. CXXXV. 
+ Annalen dey Physik, Vol. XXVIII, 1909. 
T Fifth International Congress of Mathematicians, Vol. ТІ, 1912. 


36 N. К. MAJUMDAR 


Ritz’s method. 


5. If it is required to render the integral 


ey 
: ТЕ 4 4 (а, y. у, y^ yl) de 
D 


o . 
an extremum under the isoperimetric condition 


Si 
Iz | fa (г, Y, у, у", yle) )4ь =constant, 


Фо 


the problem is equivalent to that of. rendering Ј АІ: an extremum 
without any isoperimetric condition. 


It is well known that y must satisfy, as a necessary condition, some 
differential equation D=0, although every solution of D—0 may not 
render J+AI an extremum. 


Conversely, if a solution of D—0 is required, which satisfies certain 

' boundary conditions, and if we can obtain the corresponding isoperi- 

metrical problem of the calculus of variations, the required solution of 

the differential equation may be taken апу ‘у’ which renders J+AI an 
extremum. 


Ritz’s method tonsists in obtaining successive approximations to the 
-. value of y by the following process :— 


Substitute for y in the integral J--Alz J' say, Y, Eyota, у, +... 
_ а, у» Where "Yos Yis Jas... y, are known functions, 8,,4,,...0, are 
constants to be determined from the condition of rendering J+AI an 
extremum, and Y, satisfies the prescribed boundary conditions. 


By this substition J' becomes a known function J, (ау, 04,...4,) of 
the a’s, independent of w. The a's are determined so that J, may be an 
extremum, $.е., from the equations 





97...0 (421, 2, ...2) 


а, 


‚. (А) 
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In the boundary value problems of mathematical physics, -we have 
to deal mostly with linear differential equations. J, is thus a function 
of the second degree in the a’s, and the equations (A) are therefore linear 
in the a's. There exists thus one and only one solution of the system 
(A), and we get the following successive approximations to the 
value of Y— 


Y =y а, у,, 


У, =уо+а, у, +9, У», 
eto., ete. 


Heterogeneous Strings. 


4. Tf p= density, the equation of motion is: 


on putting w=cos kt.y, this reduces -to the ordinary differential 
equation 7 


а?у 
ds? 





+ А py=0; 


the boundary conditions being, say, y( 4-1) =0. 


Any у will satisfy this differential equatign, if it renders the 
integral 
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(€, if it renders ^ C ` TELS 
BEP 41 
J z-J'—-iIz | (y? = к?ру?) de 
—1 
an extremum without any isoperimetric condition. 


4, Case I: p=l+qu?. First Approximation. 


Put for y in J, y, = ((1—«*) (a,+4,27), (which satisfies the 
necessary boundary conditions), 


+1 
Then sf [y/2—k* аа) а 
=i 
+1 
al { (a, —a,) —2a,2*]* (48°) Е 


—k? (1--qa?) (1—2°)* (2, +а,=*)* jde, 


=0, 9 = 


a, 


The system þf equations, 932 





=0, on the elimination of a, 


and a,, leads to the following equation for the determination of k?— 


да [28 63—0, 
ke [atas] А | +39 + 


which agrees with Ritz’s equation, 


k* — 2811-68 =0, 
for the case g=0. 


If qis considered to be very small, neglecting g* in the solution 
of the above equation, the first рано to the fundamental-tone 
is given by the least root: Do 


2k, ° 24-98 (1—9 x -194). 
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According to Lord Rayleigh's formula* rx 
ht (1—6), ч 


where 

2 
-Í (0—1)? sin? T da — 181. 
в. 


5. CasEI: pzzl--go*. Second approximation. 
1n the definite integral, put 
Ү= (1—0?) (a, +4, a yo, æt), 
when, wg. get | 
+1 
J,= fe. +a, (20° —1) фа, (39*—22?)] (det) 


—k* (leqe?) (1—23)? (ao tHe, a? фа, 2)? ах. 


The elimination of a), ау, da from the system 


92. x0, (20,1, 


leads to the following equation for the determination at A=2k?, neglect- 
ing 4° and higher powers, viz., 


38610—2A (89102-14229) A? (225-- 1149 —A* (1+0) —0, 
whence for the fundamental note we have 
2h, ? =A, =4&'98485(1--:18064) approx, — · 
7, Casp II: p=l+gcos 2r. First approximation. 
Substituting in J | 


УЕ (1-2%) (a, --a, a), 


* Lord Buyleigbz Thea) ора Volt, p. 118. 
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Wwe get 
+1 - . 
J =f а, о, Qu* Lj] (ш) 
—1 


—k? (1+9 cos 20) (1—2?)* (a, +a, #2) 3 du. 
97, —0 and 921-0 


If g cos 2—8p, the elimination?of a, dd a, from = 
8a, to &, 
e 


leads to the following equation for 20°: 


ks [ 16—210p (3549 + =] 


— [448—315p (5997 o] 4-1008==0, 


neglecting p* and higher powers, as g and hence p is supposed to be 
very small; also £-xtan 2-— 21 nearly. This equation again’ tallies 
with Ritz's equation 


kt — 28k? --63 —0 
for the case 4=0. 


The fundamental note, as a first approximation, is ¿given by the least 
1006 


ар, з =4:93 а= ' 656). 


дый to Lord Bayleigh, 


2k, z => (1—90), 


where 


aT sin 2 . 


p = 3-4) ==-75 nearly. 


Heterogeneous square membrane. 


8. The equation of motionis — 
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putting 
ap— V . cos 2kt, 
we get 





where V satisfies some prescribed boundary conditions, say, 
(У)з= +1 == 0. (У)у= +1 = 0. 
Here we must render | 


Y 


+1 


СЙ КС у) + (89) je 


an extremum, under the isoperimetric condition 


+1 +l 
Iz № | pV ху == constant, 


which is Se to rendering 


+1 +1 
га { | (35+ + (27) i dady 
SE ud 


an extremum without any isoperimetric condition. 


By Ritz’s method У (т, y) is to be found as successive approximations 


to 
Ма в Т = (1—.2?) (1—y? ао, o (&,, 9°. e "Нав; 1 y?) 


+ (в, vt Ha, 21 00, а у*)-+...]. = 


9. Case I: р= Homogeneous square membrane. First 


approximation. ` в. : . 
Ава first approximation, we substitute for V in J 
Visa = (41—42) (1—9?) (а+ а?у?) 
The elimination of a, b, c from d 


ӘЈ,,, =0, ӘЈ,,, =0 Jin —0 
да gb ' б `? 
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leadseto the following equation 


(kt —T) (82k* —9641* +277) =0, 
Ld 


the roots of which are ` Í 


Кү? =1. 234, 
k,*=%, 
k,?=7-01, nearly, . 


10. Cass П: p=1+ga*y* (Heterogeneous): First approximation. 


Substituting V,,, in J as before, and eliminating а, b,c from the 
equations B 


we get the following equation for k? ; 


ED" NN NS A 1058 x 16 De 
porfa] + E (oe ann 


o 4x 8882 Ў 
M a xm 7 +277) = 0. 





Considering 4 to be small, and neglecting g*' and higher powers, 
the roots are y . 
è k,” —1:234(1—4 x 008), 


„б 70р х 004), _ 
. #2 =7.С1 1+9х :11). 


Before I conclude Т must express my deep sense of gratitude and 
indebtedness to Dr. Ganesh Prasad who kindly suggested to me the 
problem and helped me with other directions. 


On the steady motion of a viscous fluid due 
to the rotation of two rigid bodies 
about arbitrary axes 


BY 


Bron Durr. 


[Read March 9th, 1919.) 


The present paper is the first instalment of the results of my 
investigation on the mutual influence between any two given'bodies 
capable of rotating about any two given axes in a viscous fluid medium, 
The simplest case of this problem, viz., that in which the given bodies 
are spheres capable of rotating about the line through their centres, 
has been recently studied by Mr. G. B. Jeffery.* 


In the present paper, I have given the complete solution for two 
more cases, viz, the case of two spheroids rotating about а common 
axis and two cylinders rotating abont two parallel axes. Other cases 
are also being studied by me and these will be given in a subsequent 


paper. 
I wish to express my obligation to Dr. S. K. ‘Banerji at whose 
suggestion I took up and under whose guidance I carried on-the 


investigation. 


Case I. Two Spheroids rotating about a Common Avis. 


Suppose that a point P has the polar coordinates (7,0) and (7’,6’) 
referred to two points О and О’, 0 and @' being measured in opposite 
senses from the line ОО”, and let OO'—c. 


* “On the steady motion of a solid of revolution in a viscous fluid." (Proceedings 
of the London Mathematical Society, February, 1915). 
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Then the following transformation ‘theorems are well-known :— 





PE а, p" nm)! p x 
(D. Sar = ау аннат | er Р. 


y @+mtD!r Boc ог Ton Z \ Piset гот ] 





Omt с: | (т! \ c 
уз өз. „ (if v « c), 
P. “ув (npm)! p n 
Ш). ин e ич Р" 
(nm 4-1)! Uo" je (вт) ( r у, + «] 
с 


(mtl c "t (2m +s)! 
| (if s < 0), 


Р," (соз 0) being an associated Legendre function of degree n and 
order m whose origin. is О and the axis is ОО’ and P',"'(cos 0) a 
similar function whose origin.is O' and the axis is O'O. 


"The equations of the spheroids with centres at O and O' and with 
ОО" ав the common axis of revolution, can'be written as = 


` теа [14e P, (cos 9), el we (1) 
=b [+e P', (cos 9) ч e @) 


1 ene Е + 
where є and е are two small quantities whose second and higher powers 


' * аге supposed to be negligible. 


Let о and w дем фе the angular velocities of the spheroids. . . 


‘Mr. J effery has shown* that~if (р, z. $) ате а set of cylindrical 
coordinates and if we have a solution af Laplace's equation of the form 


Е f (p г) sin ф, ses p (3) 


RACKS . м ` я 


then the solution of a slow, steady and symmetrical "motion about the 
axis of z is given by ' s ee 


LIO LETTO 


where v is the velocity at any point of the fluid:. 


* Proceedings of the London Mathematical Society, February, 1915, 
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Now itis well known that * 


77 P1, (cos 0) sing —.. „. (5) 


is a solution of Laplace's Equation. 


We accordingly assume as the solution of our present problem 


A, 


т 
n=l ©” 





Р+, (cos 8) dob pr ! (cos e). ake (8) 


LIE 


A,, B, being arbitrary constants to be determined. 


This expression for v apparently vanishes at infinity. lt remains 
to determine the constants so that the following two conditions may 
also be satisfied | 


v=ur sin 6, when r=a[l+e«P, (cos 0)], we (7) 


v — o'i! sin 6, when 7'—b[1--cP', (cos 0]. — ... (8) 


Putting т=1 in “ Theorem I," we get 





PIT r (n+1)! (n+2)! v 


ven > рро 


+ EEN t) Py E +]. жб) 





- 
Therefore 
ос " ў Я 
2 A, з Ra qu 
= =; E P,! (cos pu > ү Fel GR Р, (cos 6), ... (10) 
where 


Rag er) B a (ED (+) B, ү (+1) G42) (048) Bs 


Bus s db s 
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We note the following well known ‘properties of Legendre’s 
co-efficients ;— 


Posl Ee) | "s 


THe =(2n—1) P,- (p) + (2n—5) P, (м) 
+(2n—9) P, .(p)-.., — .. (18) 


the last term being P, (x) or ЗР, (р) according аз » is odd or even 





(к%—1) E =пиР„(и)—вР„_\(ни), " ... (14) 
пР (и) —(2n—1) Р, -, (и) + (9—1) Р, (в) =0 05) 
Непсе 
бий $ ЧР, (и) 
Р.(н)Р,1(әи)= Ё. l= pt)? "лл by (12 
(9) P.* (p) д i p?) di [by (12) 


I 


За 1 _ „ү аР. (и) 
{% (p 0+1} а p) 7 
= (1—pt,? [$ {прР, (0) пр, (и)) 


*O Qn DP, (2-4 8-5) P, Q4) | 


[by (18), (14). 


Therefore using (15), we have _ 





P (DP (и) (1-а)? [ 5 SEED (Pon 0— 9.021 
+{@—1)Р,., Q0 + n9) P, (i) +} | ... (46) 
Now 
| rzza[14-eP, (cos 6)]. 


э 
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Therefore neglecting the second and higher powers of є, 


v^ a^ [1 EcP, (eos 6)], x we (17) 
lal q 1)eP, (cos 0 (18 
an gL —(n+1)eP, (соз 8)]. ө", ) 


Therefore on writing и for cos 6, 


»* P (cos 9) —a* [1-- keP, (p) ]P.* (р); 











ог, 
r*P, (cos 0) =а* [ ((2n—1)P,.., (p) + (2n —5)P,.., (2) + ...] 
+4 f 2 ED рр, (и)—Р‹-,(и)}+(#Ё—1)Р, (и) 
(RP, 04.) ] ^ (09) 
and 
PERRO mum 1 OtDP WIEN) 
or, 
POOR 21 (1 =) (0089-10, (и) Qn —5)P... (0) 
+. UE ein (Pau) — P.) 
"P |... (20) 
“Also 57 | И 


wr sin 0—wa[1-- «P, (cos 0)](1—cos 19)? 


or, 


wr sin @=wall—p?)? 14-Р, (р)] а — aab 
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Therefore the condition (7) is equivalent to 


оазе, (и) = een Pai) + CnP,- TO 





—‹ @+1) [5 See D (Pss) Pu. (2) 81) Р, (ь)+...}] 





eo E р р : 
+= Ben (3) | (849... (2 + (@—5)Р,-,(и)+ " 





+e ZE 2 AEG Pi (Pa Q0 + GE- DP, (49+... } | 


Equating the co-efficients of P,() from both sides of this identity, 
we get | 
wat =( А, + Аз + А, te) en 4.95. ++) 
@ @ a’ a a’ 


(Eu +® а.) TR Че) (28) 


c? 2 





Equating the co-efficients of P, (p) similarly, we get 


ware=5(A2 + EE. )-5 (S As OO, Sa ds ) 
@ 


«В. Re 8 
t(s DERE We 3L E Pea ns Beg.. ) 


ct 


9A. 79 А,, а R, 27 at 
EM d be ev at ex g °{Ди Ва ae ene (24) 


Hence by subtraction, К - 


pa? (5—0) = I бд Lez. (8—0) Rete TLS 09 
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Neglecting terms of orders higher than that of а. this becomes 








; & ^ v9 "or ERES 
1 К T a e у 
оа? (5) = (5-29) ze. EE wg civi) 
T. Agoa 9 
UE Lud T (27) 
{ Peer ne symmetry, E "E " Р 
wood * { З : P " sis 
ч к x x 2 . 2 
S (=) em е 8) 


Thus to this order of approximation 


Ree P 1! (eos) г А = ue 12 (оз). f 29 
— 3 3 
v-—o0 (eee K ткаш wb - ( ) 


For ish: Е we 5 proceed as s follows .— 


Equating the co-efficients of P, (1) from both sides. gf the identity 
(22), we get for n>0 and Æ 2 | б E 
A 
(2n 4-1)- OCS lr TOC 





c2 
Ет bacs 

















E Anes T. +.) 


г LOU > 2^ 














dde х 
n+ CN 
setn (( ic E $6 j. ; xt TUN " 
| nm+2 .- "ne Е ae 
ey А +8 
raid И "көзи e 
Зп? (п—1) A. ‚ 30D) (n4-2)* um s 
E uer. 900—1) «3 . . own) antt 2 
cone = зн» G y^ Вы =. (30) 
*t2(9,—1) Vc BGn+3) ores 


50: 


BIJON DUTT 
aia equating the co-efficients of Piss (и), we get 


0= ont (а re A s 3) Gn) ndi. 


ants Ants 











EUN ds .) 


Ey = | а: n4-4 В, " " n6 
rero f(E) sao) wee 


nt * n+6 ; 
ЕЕ -) Ra. ptu -) Rasa +} 








014-6 Хе 
e 8+2)? (0-1) Asg, da S3(n--3) (n-F4)* Anta 
2(2n+3) qti 2(2n+7) a**s 








+e S(n4-1)* 


+2 n+4 
б с 3@+3)* 1 
(950 2(9n4-3) =) Rata “ани (2 ) Ra. (81) 


Multiplying (30) by (2-5) and (31) by (2n+1) and subtracting 
we get 





а [ @+1) (2-5) — (09 +8n—1) (n4+2)e] 


Le Ani 8 (и—1) (2+5) _ Ans, 3(n+3) (n+4)?(2n-+1) 
gi 3(n—1) Саз 77 (47: —— 


+ Pes (2) tee) Gees) eh (e) 


* 8(n—1)*(2n4-5) na S(n 4-9)* (2n 1) 
pris (© | CUm. a (2 =) Rara n+) — 


Neglecting the feriis containing A,,, and R,,, we have 











(32) 


0= - Angy 


LL [ n+) Bn+5)—(n E981) (H2) d. 


КЕР Ау 9n? (n—1) (2п+5) 
а^ 1 2(2n—1) 








+ (2) [CD (a45) tarta | 


| | S(n—1* (2145) i 
+= i Be x04) = we, XEM 
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ON THE STEADY MOTICN OF-A VISCOUS FLUID 51 


Putting 1—2 for n in this equation, we get 


0x Ass 
at 





i d —n—3) <) 


= A, An-s 3(n—2)* (n—3) (2n+1) 
4^3. 2n—5 








+ z = [ (2n—3) (2n--1) + (n--1) (к®—»—3)‹] 





> 3(n—3)? (2n 4-1) 
pute Ш) > we, X99 


Substituting the value of A, , from (84) in (33) and neglecting 


є?, we have 


0= An 





Га) (2n 4-5) — (a? 4-3n—1) (1+2)e jJ. 
«(4 MN Toss Г (2n+1) (2n+5)+(n*-+8n—1) @+1)‹] 


Р +(5) 8. 656-2) (2045) n ec (85) 


By symmetry 


0= = [+++ 5) — (9-1) 0g | 





«(2 ) s Bess [iD в) tn DG 1 


+5)", e А (n—1) (£n4-5), (36): 


where 


S. c 01) = Bs NODIS А, 


pM 


+ CEDO TS T Ar. cu^ (87) * 
, 3 
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Therefore, for n > 0 and 42 ELE 
di ее RI, и + (n?43n—1)(Qn4+3)e . ] 
METUUNT ara (2n 4-1) (2n 4-5) — (в 3n —1) (n -2)e 
а" i 3: desea d) Е i (38) 
NM P FE “(at psa eee € 
вш ТВ MN " (из «8n — D (2043 ] 
d cti oar (Zu-- 1) 28-5, — (n? -3a—1)(n 4-2) 
Е pieni бе М S(n—1)/2n--5) 
с“ 
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2{ (Zn -- 1)(2n -- 5) —(n? +3n—5j(n4+2 ue) (39) 


To determine À, and B,, we proceed as follows :— 


On equating tie’ co-efficients of P, (и) from both: sides of (22) 
we have Й 


2 


о=9 [2 viel [e 
a а" а 


-qè on ИШ 
ЕЕ 








= 5. В+... | 
sa T ва = "n з Bus 25 E. (40) 
mm 09) xi (24), we geb 
"eco My (5—8‹)— | za + в, 9 Ta —39 +e 3 SR, 
eS ace E 


Neglecting the terms containing R,, В, and A,, we have 


9одзе=9 za (Ge sj- 18А, + $e aR, 2 а (48) 
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Now 
| 5—e Y wb 5—е 
=wa3 e —9 of ==> S 
Ате 53x) Re c 5:8) 
"Therefore 
1.573 t 
due er _є __ wagb 5—є є ‹ 
р (5) сЗ 5-е] 5—8 ses hae) 

Similary | 





t 375 $ 
B. =3%'b5 € . вазь 5—є ( є 
ic (==) oe 5+2¢ 5 —8є (М) 


On caleulating A, and B, by means of formula (38) and (39) 
we find 


09903 (s—e бє 
шша СҮТ, f x rs | 


LL, 0955 5—е $e 
саш: (=) Tn 


Case II. Two Circular Cylinders rotating about 
Parallel Axes. 


We will suppose the tluid to be incompressible and the external 
forces to be derivable from a potential V. 


Then writing 


‘y= V2 К) 


the equations of motion іп two dimensions are 





Ou А Qu Ou | Ox Я | 
ai =" à. Tv rs 8. V Uy | 


sia (2) 





`1 аз, Ory, ао Ox ee, 
pit” ae Tv 0s ag 
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where v stands for the kinematic foefficient of viscosity. Putting 


ð 0 for steady motion and neglecting the squares and products 


BUT 


of velocity for slow motion, these equations reduée to 


yii 9х 
Бе . Qe (3) 
Ro 2 > 
у=! Ox | 
v ду J 


On eliminating x we get ; 
E es А y - 3 t 


Q(9" ƏN 
‚У ($; - 8.) =0. И = d) 


The equation of continuity is 


Ou, Ov. - 2 
ga gr =0 (5) 


Consequently there exists a function y of г and y, such:that 
—— OY uu OY 
u= — ay? 8: TI (6) 
Hence (4) becomes 
KJ V +00. as (7) 


We take co-ordinates defined by 


EE о тусе tan 2 (ЕН). .. (8) 
Whence E PA 
pol 108g ___свіпЬ у 9 
"^ eos É--cosh y! cos £--cosh q sec (9) 
and 7 : x 


x? +y? —2cy coth уе? =0 ... (10) 
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s 
Equation (10) represents two families of circles whose centres: le on 
the axis of y at distances + с coth y from the origin, and whose radii 
are dqual.to c cosech у. These ciecles do not cut the' axis of a. 
We can choose the axes of reference and the constant c, so that any 
two given non-intersecting circles are members of these families. 
(UU чш 


We assume the rotating cylinders to be given by 


C MX А =a, * we eat .. (11) 
л=—В. ae T ^ (12) 
We have 
‚_ 1 [а (ве), үлә 13 
| v= a5 9083) *8s6.85)] ^ 0? 
where 
ds? = A?*d£* + B'dy*. sis ie ase (14) 
From (9), we find 
{ ТА E c? s a M 
5 = (сов Ep cosh y)? (dé? +4), .. (15) 
so that ` 
us [4 
А=В= cos é+ cosh y © э, (16) 


ild А 9? д* 
V, (cos é+ cosh п) gat Өз) „. (17) 


Writing 
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. 
the equation (7) takes the form 
V ,?[(cos €+cosh з) %у ,*y]--0. ... es (08). 


To solve this equation we shall write 


y—40 E "PP ose (19) 
and assume 
Vi7@=0.¢ 2 - Ga .. (20) 
Then (19) becomes 
У, *[(с0$ €+cosh q)? V,*($0)]—0 ae (21) 


But 


V: #9 =99,:$+2( 92.97 5 IN iy o .. (88) 


Remembering that V ,*ф=0, (21) then becomes 


[entem {2( BEBE + 88 88) 


+фу, 0} ] ... (23) 
First, we assume 


cos & 
cos é+ cosh тр 


- so that 


Әб _ —sin é cosh a 90 _ —cos é sinh +) 
8£ ~ (cosé+ cosh 7)?’ ðq (cos É+ cosh y)?’ 


P4 





2 


Nae E+ cosh 7)? 


and (23) becomes 


Va? Е 2 sin é cosh т9% сае аши 99-95] =0. (24) 


ON THE STEADY MOTION OF A VISCOUS FLUID 57 


But 


Vi? ( sin £ cosh v 5°) =9# у 1° (sin é cosh з) 


ЭЕ (sin é cosh з) $ p23 9 ААВ é cosh 7) 








zi 59; 
: un é cosh у у," 97 
=2 соз ё cosh y ae +2 sin £ sinh y oe 
Vac (os é sinh "9% t) = = +2 cos £ cosh 7 о 
—2 sin é sinh у i3, 


Therefore remembering that V ,*@=0, the left hand side of (24) becomes 


—4 cos ё cosh "(= + 33) 


` which is zero since V ,?¢=0, 
Thus (23) is satisfied by this assumption for 0. Accordingly 


cos Ё é 
cos €+cosh y 


is a solution of (18). 
We can similarly show that 


sin é . cosh y d sinh y 
cos &--cosh 7 $, cos £--cosh' 9 DA cos €+cosh 7 $ 


are all solutions of (18). 
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Now 
cos cosh 


sin sinh 


are well known solutions of V ,?$—0. 


Herice 
cos cosh 
(n4-1)8 тл] 
віп $ sinh 
cos €-+cosh т 
and 
cos cosh 
né (nt l)y 
sin sinh 


cos + cosh y 


are solutions of (18). 


We accordingly make the following assumption for y. 


1 sinh (a—3) (7—9) 
v= сов é+ cosh „„®, sn (epe [As " sinh (n—4) (aF) (n—+) (a+ B) 


sinh (n+) (р-а) C cosh (n —3) (1—а) 
sinh (n4-$) (а+ B) * cosh (0—2) (a+ B) 





+В. 


р cosh (n--3)(9g—2) у 
" cosh (+8) (ай) J?” V 


where A,, B. O,, D, are arbitrary constants which are to be 
determined so that the boundary conditions may be satisfied. 


The velocity component tangential to the curve é= constant is 





сов £+cosh Ө 


9 or — ==, 


Р с ё’ 





and that tangential to the curve y=constant is 


ду or £98 é+cosh n ду 
ВӘ з c ‚ ðn’ 
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Therefore on the hypothesis of по slipping, the conditions to 
be satisfied on the surfaces of the cylinders are 


(2) oy =0, wheti n=6, 


(2) oy =0, when у=, : 


(ste) °% é+coshy OY 


= wa, when 4—a 
c 97 ? 7 ? 


: > 
(iv) ск $- ^b, when == — 6, 


where о, w' are the angular velocities and л, b the radii of the 
cylinders. | 


The coefficient of sin (п+- 1) in (25) reduces to 


С р 


cosh(n—+)(a+ В) + оС B) Я Ca Daren 





we put у=а and у= — f respectively. 


We make 


© D =0 and —A, В, +C, +0, —0 


eos Qi E Са) сов (B) 
and then (7) айа (77) are directly satisfied 
Thus, we have 


C, m D, 
са Е) оз) 


&,+В, 


Soba PEF cobhar aA " (29) 


+ 
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Conditions (її) and (iv) give the rglations 


$m on " (n—2) А, 
one, ER ODE туст 
2 | (n--$) B, i (27) М 


+ aah (2+3)(а+ B) 


со 
vbi = sin (n-F1) ё [(n —2) coth (n—4) («--B) А, 
0 e 


= 


+(2+4) coth (n+$) (a+) B,—(n—43) tanh (0—2) (a +8) C, 
—(n+§) tanh (n--$) («-- B) D,].. (938) 
Having regards to (26) these can be written as 


oo 
ваб= 5 (A, An +. В.) sin (®+$) & . 0 (29) 


n= 


n: E 
мы S (N, A il, В,) sin (a+) & .. (30) 
КЕ і | | 
"where 

1 


п 


ALTI CL. | 3 
^ sinh (02) (a B)' | 


„= © 
* sinh (nd-2) (a B) '. 


Vm (n—F) (n B)eosh 2(a-F 8) —cosh(2n-F1)(a-- B) 
B 2 sinh (a-4- B) sinh (+++) (a+ 8) : 





‚ uU 3) - (F1) cosh 2 (а-- В) —cosh (2n-F1)(a-- В) 
is 2 sinh (a+) sinh (4-3) (+В) | 


We can always expand a constant in a Fourier's series; we have 
in fact : 


we (32) 
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Therefore in order to satisfy (29) and (30), we make 


А, А, + ра B. few 2 


T 2+1 
4w'bc 1 
М„А ‘B= — 
a «Ил ^ Е Intl 


Therefore 


ГИ 4с wap! ,—w by, 
"UU (nl) Ми Ара 


— 4 wbdrd,—war', 
"UC (2n + 1)т A W А.р, 
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(33) 


(34) 


(35) 


(36) 


Obituary Notices 


I 
Tue Late Mr. CHANDRASHEKHAR SIRCAR. - 


We regret to record the death of Mr. Chandrashekhar Sirear, 
the leading member of the Bhagalpur Bar and one of the foremost 
lawyers in Behar and Orista. Mr. Chandrashekhar Sirear was a 
distinguished graduate of the Caleutta University having headed the 
list of successful candidates at the M.A. Examination in Mathematics 
in the year 1878. He was a self-made man and rose from humble 
circumstances to affluence by dint of merit of a pre-eminently high 
order. He was a life-member of the Calcutta Mathematical Society. 


II 
Tun Late PRINCIPAL RAMENDRASUNDAR TRIVEDI. 


By the death of Principal Ramendrasundar Trivedi, Bengal has 
lost one of her great educationists. Ramendrasundar obtained the 
Master’s Degree of the Calcutta University in Natural and Physical 
Science in 1887 and occupied the first place in the first class, Next 
year, Mr. Trivedi greatly distinguished himself by winning the 
Premchand Roychand Scholarship which is very appropriately called 
‘the blue ribbon’ of the University. His contribution to the Bengali 
scientific literature has considerably enriched that language. His 
‘Prékriti’ and ‘Jignasha’ contain some of the most beautiful essays on 
science, philosophy and religion. Mr. Trivedi was intimately associated 
with the Sahityá Párishád. For many years he was Principal of the 
Ripon College, a Fellow of the Calcutta University and a member 
of the Caleutta Mathematical Society. Last year, at the request 
of the University authorities he delivered a course of lectures on the 
-Vedas which was very much appreciated by the students. Не was 
preparing to follow up the subject this year with another series of 
lectures on “Vedic Sacrifices.” But the cruel band of death was on 
him and he passed away. о 


+ 


New Methods in the Geometry of a Plane Are, 
| II—CYCLIC POINTS AND NORMALS. 


t 


BY 
S. MUKHOPADHYAYA. 
[ Read January 26th, 1919.) 


Introductory. 


A simple arc for the purposes ‚оё the und paper will be defined 
as follows : 


($) It is a continuous curve bounded by two extreme points. 


(2) Ithas a tangent at each point which turns созылу along 
the arc in the same direction. | 


. (їй) No straight line meets it at more than into points. 


(iv) The circle determined by any three points of the’ arc is 
always finite and varies continuously with the determining points, in 
other words, the arc possesses continuous curvature. 


A simple oval may be defined to be a closed curve of which every 
are is simple. | 


Ап are NPQ of a circle C intersecting а simple arc S at P will be 
said to ?n-cross S at РИ it crosses from the convex to the concave side 
at P, and to ab-cross S at РИ it passes from the concave to the 
convex side. 


А circle О is said to have ordinary contact with S at P if it 
passes through only two consecutive points of S at Р, А circle having 
ordinary contact with S at P will be said to'have zn-coritact with 
S at P if it falls on the concave side of S at P and to have ab-contact 
with S if it falls on the convex side of S at P. 


А cirele С passing through only three consecutive points at P' will 
be said to have cru-contact with S at P. 


If NPQ be an arc of а еше having cru-contact with S at P, then 
NPQ will be said to zu-cross ог ab-cross S at P according as NPQ 
passes from convex to concave side or from concave to convex side of 
S at P. 1£ NPQ in-crosses S at P then ave may say that the portion NP 
has ab-contact with S at P and the portion PQ has /n-contaet with 
S at P. - 
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Ifa circle С passes through four consecutive points of S at P 
` then Pis called a cyclic point of S and,the circle С may be said to have ` 
cyclic contact with Sat P. А cyclic point will be called in- cyclic or 
ab- oyelic* according as the circle С falls on the concave or convex side 
of S at P. ; Ё 


м 


It may be observed here that according to our New Methods a 
circle cannot meet a fied curve at. more than four consecutive points. 
This matter will be discussed in a subsequent paper. 


We will denote an arc of S between P, and P, by 8,, and an 
are ofa circle С from P, to P, by e, and so on. 


А circùlar aro C, will be called cyclic to `8 ВЕ Р, Ed P, if 
it meets Sin two or more points between P, and P,. One or two or 
even three of these extra points may be consecutive to Р, or P, giving 
rise to an ordinary contact of -a- cru-contact or a cyclic contact of 
C,, with S at P, or P,. | | 


A circular arc C,, which is cyclic- to 8 between P, and P, will 
be either ¢n-cyclic ov ab-cyclic or cru-cyclic to S between P, and P,. 
I£C,, produced :n-crosses'S both at P, and P, it is n-cyclie. If C,, 
produced ab-crosses S at both P, and P, itis ab-cyclic. If O,, pro- 
duced Zn-crosses at опе and FORM at the other of the two points. 
P; and P, it is eru-cyclic. | 


ІЁ.С,, has ordinary contact or cyclic contact with S at P, or P, 
or at both of these points then instead of én-crossing or ab- -crossing at 
these "points we shall read :m-contaet ог ab-contact in the above 
definitions. 


А fundamental theorem which’ has been established in my first 
paper and of which we shall make frequent use in the present paper 
may now þe re- -stated i in, the following form : 


df a circular are О,» tsin- cyclic toa simple dre S etosa P, ind Р, : 
then there exists. at least опе iù-cyclic point on S between P, and Р.. If 
acir cular arc O, ts ab-c clic to S between P, and P, then there exists at 
least one ab-cyclic point on S between P, and P,. If a circular arc Оу» їз 


7 та my first paper (See Bulletin Calouttá Mathematical Society Vol. I. 
Part Г), lhave,itis believed for the first time, distinguished the two kinds of 
cylie'points and called them in-cyclic and ex-cyclic. The latter kind of cyclic points 
І have preferred to call here ab-cyclic, as the prefix ab-seems to:me more euphonic . 

and significant. 
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cru-cyclic to S between P, and Р, then there e-ists at least one in- Eid 
and one ab-cyclic point оп '8 between P, and P,. 


It may be observed that according to our New Methods there 
cannot be such a thing as a cru-cylie point on В, that is, a point at 
which a circle meets 8 at five consecutive points. It may also be 
mentioned in connection with the above theorem that when we say a 
сусНе point exists on S between P, and P, we mean to exclude P, 
and P,. 


ГА 


THEOREM I. 


Р,,Р,, Р H arg three points taken in order on а simple are S and 
the normals at P,, P,, P, meet at & common point O, which is not the 
centre of curvature of Sat P, and which is towards the concave side 
of S. Then there will be at least one cyclic point X on S between P, 
and P,, provided none of the angles P, ОР, and P, ОР, exceed two 
right angles. The point X will be in-cyclic or ab-cyclic according as 
ОР, is a maximal or minimal normal, that is, according as ОР, is a 
maximum or minimum radius vector from О to $, 


Case I. When each of the uper P, ОР, and Р, О Р, ts less than 
two.right angles, ~ | 5+ 


We may suppose without апу loss of generality that 0 Р, and ОР, 
are the two normals from О 40.8, nearest to О P, on either side, for if 
X lie between the feet of two nearer normals on either side, much more 
will it lie between the feet of two further normals on either side. 


Suppose О P, is a maximal normal. Then ОР, is the maximum 
radius vector from O to S in the whole neighbourhood P, P, P, and 
is therefore smaller than both О P, and ОР,. Draw acircle throügh 
P, to touch S at P,. We will denote this circle by C and the arc of 
this circle from P, to P, by C,,. Then since angle P, O P, is less 
than two right angles and ОР, is less than O P, the arc C,, meets 
ОР, at an obtuse angle and therefore when produced. towards P, will 
én-cross S at P,. 


Similarly draw a circle O' through P, to touch S at P,. Denote 
the arc of this circle from P, to P, by C',,. Then C',, will meet 
ОР, atan obtuse angle and therefore when produced towards P, will 
?n-cross S at P}. 


Треп either C and C' will coincide or one will fall within the PIN 


е 


68 _ S. MUKHOPADHYAY 


If C and О’ coincide then the circular are P, P, P, will meet 8 
in-cyclically between P, and P, and therefore there must be at least 
опе in-cyclic point on S between P, and P,. See fig. I. 


Fig. I. 
Я 






5 


If С and С’ do not coincide, then one will fall within the other. 
Suppose С falls within C". 


The circle С will have either 77-contact or ab-contaet or eru-contact 
with S at P,. 


If С has in-contact with S at P, then C,, must cross S,, some- 
where between P, and P,, and consequently C,, will meet S,, 
én-cyclically between P, and P,. Thus there is an ?n-cyolie point on 
S between P, and P,. 


Tf О has ab-contact with S at P, then C,, produced towards P, will 
pass between S,, and C',,, 4e. С will enter at P, the space bounded 
Љу S,, and C',,. C must therefore come out of this space at some 
point P, (See fig. IT) on Sas between P, and P,. Thus C meets S 
in-cyclically between P, and P,. Consequently there is an tn-cyclic 
point on S between P, and P,. 


Tf C has cru-contact with S at P, then C,, will either Zw-cross S - 
at P, or ab-cross S at P,. In the former case there will be an Zn-cyclic 
point on S between P, and P, and in the latter саве an ?n-cyclie point 
between P, and P,. 
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Next suppose that OP, isa minimal normal In this ease we can 
prove, by reasoning exactly similgr that there is at least one ab-cyclic 
point on В between P, and Р.. 





Case II. When angle P, ОР, ds less than two right angles and angle 
P, ОР, ds equal to two right angles. 


Suppose OP, is а minimal normal so that OP, and OP, are: each 
greater than OP,. 


Draw a circle C to pass through P, and to touch S at P,. Then 
because the angle P, OP, is less than two right angles and ОР, is 
greater than OP, the are C,, will meet OP at an acute angle and 
consequently C,, when produced towards Р, will ab-cross S at P,. 


See fig. III. 
Fig. III. 
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The circle С will either have ab-contact or is-contac or eru-contact; ` 


with Sat P,. If C have ab-contact with S at P, then С will cross 8 
between P, and P, and consequently there will be an ab-cyclie point on 
S between P, and P,. If С have cra-contact with S at P, then C,, 
will either ab-cross S at P, or їп-стоѕв S at P,. Iu the latter case О,, 
must cross S between P, and P,. So that in either саве there will be 
an ab-cyclic point on S between P, and P,. 


If C have é£n-contact with 8 at P, then C will either meet S,, 
between P, and P, at some point P, or fall below S,,. In the former 
ease there is an ab-cyclic point on S between P, and P,. 


In the latter case draw the circle С or rather the semi-circular are 
C',, to touch S at P, and P,. If C’,, have ab-contact with S at P, 
and P, then an ab-cyclie point on S between P, and P, is assured. И 
C'a have contacts ab and in or in and ab at P, and P, then С’ s, musb 
necessarily cross S betiveen P, and P, and an ab-cyclic point on S 
between P, and P, is assured. 


If C’,, have /n-contacb with S at P, and P, then С’ will enter the 
space formed by 5, , and С, , at P, and consequently ab-cross S at some 
point P, between P, and P,. See.fig ПТ. Consequently there will be 
an ab-cyclic point on.S between P, and P,, 


Thus on the supposition that OP, is в minimal normal there is 
always an ab-cyclic point on 8 between P, and Р,, 


If we had supposed OP, to be a maximal normal we could prove 
by similar reasoning that there is always an їп-сусііс point on S between 
P, and P,. ` у 


COROLLARY то ТнЕОВЕМ І. 


If the normals to*S at:-P, ата P, meet at P, then there ts at least one 
ab-cyclic point on S between P, and P,. If the normals at P, and P, meet 
at P, then there 18 an ab-cyélic or in-cyclic point on S between P, and P, 
according as P,P, ris a minimal or а maximal normal. 


This corollary‘follows from theorem I if we make one of the three 
normals OP,OP, OP, vanish. -It can however he proved directly quite 


^ 


easily. 3 


Тнвовем П. 


‘ 


If OP, and OP, be two successive normals to a simple ато Б from a 
point O, on the concave side of 5, incliiling between them an angle not 


} 
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` exceeding two right angles, und 4f О be the centre of curvature of S at P,, 
then there ts at least one cyclic point gn S between Р, and P,, which ts tn or- 
ab- according as OP, ts less or greater than ОР.. 


Suppose angle P, OP, is less than two right angles and OP, is 
less than OP,. See fig. IV. | 


Fig. IV. 





Draw a circle О to pass through P, and touch S at P,. Then the 
are C,, of this circle will meet OP, at an obtuse angle and conse- 
quently in-eross S at P,. 


Draw a circle С’ with centre О and radius OP,. Then С’ is the 
circle of curvature of S st P, and touches C externally at P,. The 
circular атс C,, will therefore have ?n-contact with S at P,, Conse- 
quently C,, mast cross S at some point P, bétween P, and P,. 
Thus C,, is zn-cyclic to S between P, and P, which ensures the : 
existence of an in-cyclic point on S between P, and P,. 


lf we suppose the angle P, OP, to be equal to two right angles, 
then C,, will have in contact with S at P, and either in- or ab-contact 
with S-a& P,. In the former case C,, is in-cyclic to S between P; and 
P, and in the latter.case C, , is cru-cyclic to S between P, and P,. In 
either case the existence of ап in-cyclic point on S between P, and P, 
is assured, 


If OP, be greater than OP, the existence of an ab-cyclic point on 
S between P, and P; can be similarly established, 


` 
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In this theorem we have supposed O to be the centre of curvature Е 


of S at P,. The centre of curvature of S ab, P, will in general . 
not be at О but it can be also at О as à special case. ‹ 


Corontary TO Tuxonex П. j £z 
If the centre of curvaturé of S at a point P, be a point P, which is 
on S then there is at least опе in-cyclic point on S between P, and P,. 


The three following theorems follow at once from theorems 1 and II, 
and their corollaries. dl 


+ 


Turorem IlI. 


If from a point. О on the concave side .of a simple arc B dt ds possible 
to draw m normals to S and if the angle between any patr of successive 
normals do not ё ссеей two right angles then there ате at least n—2 cyclic 
. points оп S between the feet of the first and the last normal. 


Tusongw IV. 


If from a point O interior to a simple oval 38 ts posible to draw m 
normals to the oval and if the angle between any pair of successive normals 
do not exceed two right angles then there are--dt least n cyclic points 
on the oval. v 


THEOREM V. 


If from a point О on a simple oval it be possible to draw n normals to 9, ` 
e.cluding the normal at О, then there are at least n +1 cyclic points оп 
the oval. 


In the above theorems if O be the centre of curvature at O for 
any normal OP ther! such a normal has to be counted.twice, If in 
addition the point P Ps a и point then the normal ОР has to be 
counted thrice. : : 


a 


Origin of the Indian Cyclic Method for the 
Solution of №-1=у. 


BY 


P. С. Sun-Gurpta. 


[Read October 6th, 1918.) 


1. The object of the present paper is to discuss the probable 
origin of the “ Cyelie Method” (Chakrabala) for the solution of 
Nu*+1=y? in rational integers as given in Bhaskara’s Vijaganita. 
Two hypotheses have been advanced as regards its origin: * first 
that the method has an ultimate Greek source and secondly that it 
is purely Indian. I shall first discuss the former view and shall 
next show that it is untenable in the light of the reasons which, 
I trust, are put forth herein for the first time. 

9. The Cyclic Method and other Rules. 

(a) The Cyelie Method as given by Bhaskara may be stated as 
follows :— 

+ To solve Na?+1l=y*, where N is а non-square integer ; start 
with a relation of the form: 

Na?4+4=6?, where a, б, £ ave all simple integers; derive 
from it the following relation : 
aa+b\? | a?—N ba+ Ма 
aa m AU 











where а and даб aie integers and a?—N has the least value. 





Repeat the operation with the new relation and obtain a fresh rela- 
tion in. the same form in the same way: continue to proceed in the 


* Sir T. L. Heath's Diophantus (1910), page 281, also the references mentioned 
therein, viz, Tannery “ Sur la mesure du cercle d'Archiméde " in Móm de la soc. des 
sciences phys et nat. de Bordeaux, Пе Sér. 1V, 1882. page 325 ; cf. Копер, pp. 27-28 ; 
Bibliotheca Mathematica, VI 3, 1905-6, pp. 271-78. . 

+ Colebrooke's Indian Algebra (1817), page 175, Henth's Diophantus page 288, 
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same manner till integral roo's are obtained with any of the numbers 
4, 2 or | for the additive. Now apply * composition " [7.., the rule 
(2) given below] for the solution of М? +1 = y*. 


(b) I£ Na?--kzb* and Nao/?-- k —U'?, then will 
— N (ab' a'b)? +h —(Naa! +b)? . 


I This lemma was first given by Brahmagupta in A.D. 628. 


"E 


(с). = 21, y= is a salution of Na? 4-1-y?. 


Neither Brahmagupta nor Bhaskara has given any formal method 
of deduetion of the above rules. But this need not create any 
surprise or surmise of a Greek Origin. The first discoverers often 
get their results by intuition and trial. . 


3. Illustration of the Cyclic Method. 


«ta, 4- b 


In the eyclic rule stated above, when а and i 





are both inte- 


gers, it is not difficult to prove, (1) that a, 4 and $ may be taken 


to be prime to one another and (2) that Eun and 85 are both 


integers. The rules (5) and (c) are also readily proved. - A numerical 
example is given below to illustrate the cyclic rule. 
To solve 67 2° --1—y*. 
Here the relation to start with is : 
67x1*—8z8*.  .... vex quis ay 


We are to solve 2 =f in integers. the suitable solution which 





makes a?—N the least, is a—7 and B=—5, whence Ti =6, 





rn =—4l, £.e., the relation arrived at is 


67x5?..6—41* . .. uaa PEU 


We are now to solve 587 m integers: the suitable solution 


' 4 Colebrooke’s Indian Algebra (1817), разе 368 also Brahma Sphuta Siddhanta, | 
chapter XVIII, 64 and 65 ; Colebrooke's Incian Algebra, pages 171-172. |, (быы 
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is а=5 and 8-11, and the new relation becomes: ERIS ath 
67 x 11: —7 905. i ARE Luo 23) 
;:7 Similarly the next relation deduced Bod (3) is 
67 x 27: —9—991*. б ^e (4) 


t ae the additive in (4) has beeome~2, the diss method need not 
be followed any more; the equation is very expeditiously solved by 
applying the rule of Brahmagupta [$ 2 (4) ] thus :— 
. We have 67 x 272 —2=221? | 4 
and 67 x272? —2=2213, 
67(2 х 27 x 221)? +4= oa 
or 67x 59672--1 =488422, T a -.. (5) 
hence 52-5967 and y=48842 is а solution of 670*+1=y?. From the 
last numerical relation. repeated,, application of Brahmagupta’s. rule 
leads to any number of solutions. 
4. Hypothesis of ultimate Greek Origin. 
_ (а) The“ ‘Diophantine Л Method ” and the Indian Method. 
. M. Tannery has held that probably somewhere in one | of the 
lost books of the Arithmetica, _Diophantus solved the equation 
1°+Ay?=1. Не has shown how from tlie Diophantine méthod, if 
onésghtion (2, q) of 2 2 Ау? =1 is known a More g general solution 


may. be found :— m 


“$ Put p,=mi—~p, 9: ==-9, 


and suppose 
р, Аф, =т? а S Aw Mic Ag =1, 


therefore (since р? — Ag? =1) а= 2p TÀg &nd by substitution in the 
expression for p,q,, we have 
: А | m 
АА oo mpm +А)д a in faot 
m? — А m? — А. А . 


, 
‚ 


*—Ад,* ==: 
If an integral solution is wanted, one-way of obtaining it is to 
substitute w/v for m where цз — Ао? =], úe, where uw, vis another 


e Г $ Heath’s Diophantus, page 280. — 
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solution of the original equation, and. we then have, 
р, =(u? Àv?)p--2Awg, д, = рио (и? + Àv?)q. 
“ But this is all that we can get out of Dophantus as we have 


him, and it will be observed that here too we must have ascertained 
two solutions of the one equation, or one solution of it and a 
solution of an атату equation before we can apply th: method.” 


It is evident from the above that there is hardly any thing 
common between this “ Diophantine Method" and the Indian Cyclic 
method. It is so very imperfect that it cannot proceed without 
two solutions of the same. equation. In the Indian method when 
one solution of «*—Ay*=1 is known, any number of solutions may be 
found by Brahmagupta’s rule and that the Indian method in this 
ease is exactly the same as the modern method. Clearly then the 
* ultimate Greek origin " does not lie in Diophantus's Arithmetica. 


(6) The Archimedian approximations toa surd and the cyclic 
method. 


Again M. Tannery’s method of showing how|| “ from the Greek 
manner of deducing from approximation to surd a nearer approxi- 
mation, it is possible by simple steps to pass to the Indian method”, 
need not be taken ‘as a reason for considering the indebtedness of i 
the Indian вуеНе method to any ultimate Greek origin, as е" is’ 
nothing on record ih the works of Archimedes which shows that-he 
actually discovered 16 or applied it to the solution of Na?--l—y,. 
Although I have to admit that I have not yet had access to the 
reference given in Dr. Heath’s work, І have been able to discover a 
way of deriving the cyclic rule from the Archimedian method of 
approximating to the value of a surd, which, I trust, will not differ 
much from M. Tannery’s. : Both the Archimedian method of finding 
approximations to a surd and the deduction of the cyclic rule from, it 
are exhibited below. 


(1) Archimedian Method of finding М approximately. 


$ Hültseh proves that Archimedes “ discovered and proved” 
that 





ji pe b 
ао жашы ү 


|| Heath’s Diophantus, page 281. 
$ Works of Archimedes (Heath, 1897), page Ixxxii et sec. 
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: Hence according to Archimedes 
m xm ө 
м a3 Ь is ворона 
а gp or a+ —— b 
E 72a + a+ +l 


As an illustration let us find the approximate values of ^/67. 

Here /67—— VE" + 3 = 84,5. 
l. | ; 

=8 + = nearly, an .. (1) 


and (85) —67— sp whence у=41 and х=5 is a solution of 





y? —67x? —6. 
Hence 
м67= ^/ ЛАГ" 6 _ Al 6/25 
м ($ ^35 5 2x4 (^ ма? +b =a + xn) 
та —1°? zn Za 4-1 
121. 6 _90 ; 2 
=; 38 ^il nearly ; as .. (2) 
and (5*3) 67— 151? whence j—90, х=41-3 a solution of 
у? - 67:2 =—7. 
in V67— A/(90y , 7 7/21 
Again (5 ii + РІ = 5 Urs 56 nearly 
1 . 
11 
90 1 
= fixer Y 
..921 _ `5 : 
=F Те En .. (3) 


2 
From the last approximation ib is seen that (8+ Ee —67z.—— 595 


or j —221, 2—27 is a solution of у? —674* — —2. 
Thus with some difficulty we arrive at the four approximate values 


of 4/67 by the Archimedian process, viz., „8, = ж па GAL and in 


27 


passfrom one approximation to another we solve an equation of the form 


y* —Na^-—k. If however we develop /67 as a continued fraction, . 
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3 41:90-181. 4 9282--& is TE ohie 
TE Ir IE 16 and T four of which 


are obtained from Archimedes’s rules. It is probable that lis did really 
solve'some numerical equations by his methods: = 

(2) Deduction of the Cyclic Method from the. Archimedian process 
of finding МХ approximately. Е 


the first five convergents are 


From what has been shown above the Arehimedian- approxima- 


tion proceeds either by ` ° е 
et Маз 4 b =a +. x approximately, 
or = ar ae approximately. -` ~ 
^7 2a+1 ' 


Now when we have a а. Na? 4- k—b?, Я is evidently -the first 
t D 


approximation to м. In proceeding to the uext approximation we have 





td | ob? k 
а а’ 
; У 
E Rd s 
| -k 
ы b k poa А 
: SAN па, approximately, 
а 
ЕЯ E 
С ‘а -фа) `, 


Now (2b? —ab—k)* — Na? (25—a)? —k(k—8ab 4-52) 
—k(16—a)* —Na*]. 
Let b—a-aad y, ~ 
^ k((b—a)? —Na*j —k(a*o*—Na*) rejecting у 
- zka*(a*—N). 

Again a(2b—a)= a{b+(b—a)]=a(b+<aa) rejecting y as before. 
and-2b* —ab—k :—b(b—a) + Na* = aiba+Na) rejecting y as before. 

Hence we should have ` 

_-a?(6a-+Na ° —Na*(b-4- аа) * = ka? (a”—N), which is easily seen`to be 
Sorted by. actual Wo Now divide both sides by 4*a?, and we get 





k k 


(eme J —N (== у= LN , Which is exactly- the 


cytlic rile. 
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This is indeed one way: of arriving atthe Indian rule; but the 
steps of putting, j—a-4a-Fy and. rejecting у although simple 
enough, are not natural If «M. Tannery has indeed deduced the 
сусіе rule by the. above -proċess or -by -a process very like the 
above and has imagined an “ultimate Greek” origin to the Indian 
суеНе rule, I feel inclined to think that he has not done sufficient 
justice to the Indian Algebraists. Neither Brahmagupta nor Bhaskara 
does anywhere connect the finding of the approximate: values of 
/N with the solution of М? +1 =у?. А simpler’ niethod, of 
arriving at the rule is given below, but this also does. not seem 
to be the natural way of its discovery. E 

Let Ма?-+=0? and Ма’? +=’? where «' and 4’ are- res- 
peetively greater then a and 4 ; let us suppose that | 

а =аа+у,, | 7 Е 
b'=ba+y, when a. y,, and y, are undetermined. > 
Here В+ Ма! =(ba-+y,)?—N(aa+y,)? | 
и азе Ауд es 

Iu’ order to ‘simplify Ше right hand expression, assume у= $ 

and ya 7 Na, só that the middle term disapp®ars and wéget " > 
_ (Фа Ха)? —N(aa--b)? —k(a*—N), . 


e 


' T H 
: icm у= at? ys R, which is the ovdi ule, d 





Similarly other: methods of arriving at the Indian rule: ES 
not be impossible and still not bein any way connected with its 
origin. We now turn to the other theory. 

5. Hypothesis of a purely Indian Origin. NT 

A most unanswerable argument for the Indianness of the шейн 
lies in its new-born naturalness and simplicity. Hankel who strongly 
advocates the Indian Origin of thé'method surmises that thé Indians 
probably deduced it as follows :— ` | 

(a) Hankel’s Method. — — : 

* Let Na?+k=b? and Na!?+i'= Ы?, then by ее rule 
we have 
! | № (ab'— a'b)? -- kk! = (Хаа — bb) -- ^ 
* Put ab/—a'bz1 andNaa'—bb' =a EE 


2 ХАФА ==о?, or у=, 


* Heath's Diophantus, page 284, _ 
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Next determine a’ and 5 from the equations 


ab'—db—1=0 and Nua’—bb'~a=0, 


and а’ = aab and b' = bor Ма 
—k —k 


, 


DON 2a --b y (a* —N) = (= 2 
ui ( } а" i 








(b) Method given in М.М. Sudhakara Dvivedi’s edition of 


Bhaskara’s Vijaganita. 
Let Na? -+k=2b?, .. (1) 
and we have identically 
Nx1?--(a* —N)-a?, .. (8) 
2. by Brahmagupta’s lemma we get 


N(aa--0)? + Ка" -N)=(Na-+ba)?, 











2 = 
Ар ete ) +i =( ш. ) which is the Chakra 
bala or the Indian cyclic rule. : 

6. The above (b) method, as faras I have been’ able to 
ascertain seems to have been followed by all the pupils of. the 
late M.M. Bapudev Sastri and the lete Pandit Sudhakara Dvivedi. 
I feel inclined to believe that this elegant method is the true 
Indian method as transmitted through generations of gurus, The 
third rule given in $2 is easily deduced from it. 

We have as before 

Nx1?4 (a? —N)—o? 
and Nx1?4- (a? —N)-a?, 
-. by the lemma of Brahmagupta, we get 
N (24)? + (a* —N)* = (N-Fa*)*, 
or N (s ) +1=( Ха y whence «= =. | 


a? 














and y=( ate ) 18 а solution of Na? +=. 

It is thus seen that to arrive at the Indian cyclic rule it is 
not at all necessary to determine an approximation to 4/N either 
by the Arehimdian method or by any other method. It is further 
evident that the rules are immediate’deductions from the lemma of 
Brahmagupta, and the sole credit of finding a method for the 
solution of Na? +1 =g? belongs to him. 


On the motion of an ellipsoid of revolution in a 
viscous fluid in the light of Prof. Oseen’s’ 
objection to Stokes's treatment of the © 
case of the sphere. 


BY 


BHorawaTH Par. 
[Read March 8rd, 1918.] 


INTRODUCTION. 

The motion of a sphere in a viscous fluid has been investigated 
by various writers including Stokes,! Profs. Whitehead,? Oseen,? 
Lamb,* and Burgess,® the results obtained being more or less satis- 
factory according to the degre» of approximation to which the 
differential equations are satisfied. S e Ы 


In the pres nt paper, I propose (1) to obtain the solution of the 
problem of the motion of translation of an ellipsoid of revolution 
of small ellipticity in a viscous “fluid, the method adopted being 
similar to that of Prof. Lamb for treating the corresponding problem 
in the ease of the sphere, and (2) to show how the results obtained 
by me although different in some respects from. those given by 
Oberbeck,® the only important writer who investigated the ‘ellip- 
soidal problem before me, are free from any objection similar to that 
pointed out by Prof. Oseen in Stokes’s treatment of the spherical 
problem. 


In Art. l I reproduce the objection raised by Prof. Oseen to 
Stokes's solution of the spherical problem, in Arts. 2 and 3, I 


1 See his “ Scientific Papers ,"Vol. 3, p. 1, ог Camb. Transactions, Vol. 9, p. 8 
(1851.) 

? Whitehead, Quarterly Journal of Mathematics, Vol. 23 (1888), pp. 143- 152. 

з Oseen, Arkiv for Mat. Astr. Och. Fysik, Bd. 6 (1911), No, 29. 

* Lamb, Phil. Mag., series 6, Vol. 21 (1911), pp. 112-121. 

5 Burgess, on Journ, of Math , Vol. 88 (1916), pp. 81-96. 

в Oberbeck, “ Ueber stationäre Flüssigkeitsbewegungen mit Berücks- ichtigung 
der inneren Reibung,” Crelle's-Journal, Ва 81 (1876), pp. 62-80. Ege soe 
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Investigate the inotion' of the ellipsoid of revolution, in Art. 4, I 
compare my results with those of Oherbeek, in Art 5, I fini out the 
resistance experienced by the ellipsoid. 


L should like to express my indebteduess to Dr. Ganes Prasad at 
whose suggestion 1 took up, and under whom Т carried on the 
investigation. 


Professor Oseen’s objection to Stokes’s treatment for the case 
of a sphere. 


1. The formula of Stokes for the resistance which a sphere 
experiences when it moves with constant and infinitely small velocity 
in a viscous incompressible fluid was proved by its author in the 
. following manner. 


The differential equations of Navier for the motion of the fluid, 


referred to a system of co-ordinates which has its origin in the centre 
of the sphere and which moves with that of the sphere, are 


( Ou- Bu Qu Gu) __ др 2 | 
P1 Bt Өл Oy + a j m Bu + 16, 
ðv Ov 8v v)... Or a 
ej 8: "8. * Oy +9] = y TEY v, 
r D 
{ ðw Ow, dw w?) B ее | 
Р pit + 8; +90 }= 8; "V 10, 
дт, Ov , Bw — 
Oe) Oy Or 


The corresponding auxiliary conditions are, for R= V2? + у? 4-2? — oc, 
u=—U, v=0, w=0; for R=a, и:=0, v=0, w=0, if О be the velocity 
of the sphere and a its radius and if the x-axis be identical with the 
direction of the motion with the sphere. 


We suppose that the motion of she fluid brought about Љу: the 
sphere is stationary, Thus the first members in the three first equa- 
tions fall away. Further it is clear that if at all the three functions 
u, v, w exist which satisfy the differential equations and the auxiliary 
conditions and which everywhere outside the sphere are, together with 
their derivatives of -the first two orders, finite and continuous functions 
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of æ, y, 2, then v, v, w, д», fissis 8v must diminish everywhere to 
9. . Ө» 
zero as U tends to zero. It is therefore reasonable to suppose that if 
U.is small the so-called quadratic members и i: ese» Must be of 
higher order of smallness than the members. ОР, eee V?u, ...... and 
СИ 


that one may consequently neglegt the quadratic members. If one 
does this the glifferential equations receive the comparatively small 
forms 





This system of differential equations with the auxiliary conditions. 
for Rzoc, uz —U, v—0, w=0; for К-а, и=0, r=0, w=0, is very 
easy to solve. One finds that the functions 


.. 9 aU a? 3a la? \ 
oe e) x) | 
_3 aU а? | 
"2m (Ig) 
| (2) 
_8 aU a? | 
а Zi a- E ) эг, 
_3 aU 
Pe ah Rs 


satisfy the differential equations as well as the auxiliary conditions. 
From these formulae one deduces easily Stokes’s expression for the 
resistance of. the sphere. 
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From these one finds that the value of age is 
t 
З aU?a ( 3.2 
im l == ) + ete. 


and 





The ratio of the former to the latter contains а as a factor and 
therefore its value becomes infinite at a great distauce from the 
sphere. For this reason the formulae in question cannot be regarded 
as valid at points distant from the sphere. 


The motion of' the ellipsoid of revolution by LoamUs method. 


2. Let the equation of the spheroid be taked in the form 
rzza'[l--«P,(eos 0)}, where є is very small, so that iis square and 
higher powers may be neglected. 


Lieb à, v, w be the three velocity-components and suppose #=«+ U, 
so that: . 


и=0, v=, в=0 at infinity, 
and u=—~—U, v=0, w=0 on the surface 


The hydrodynamical equations accordingly take the forms 


y rl Op +rV и, 
ы Р Oa 





| 
=—^ OP xig | sn @) 
J 


On ду 

Ow __1 Op А s 
БҮ Р 8: +yvV 245, 

Qu Әу 8v. о 

д. PEL +5, i) 


The inertia terms are to some extent taken into account, 
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The motion is supposed to be steady and the presence of any extrane- 
ous force is neglected ; thus from the dynamical equations we can 
easily obtain 


V*p-0, cn 
where p is the hydrodynamical pressure 


Thus we can take 





p=pU 9% ‚_ ou 
where $ satisfies j 
V*$4-0. .. (4) 
Let us take 
u=— Ot au. | 
2.989 ү, 
niii. Tv, Р _ . (6) 
w= 9$ +w. | 
; Then from the differential equation 
+ Ou 1 '8 
С =—- EP з 
9. р Be тич 
we have 
( v ) а! = 
Putting KU. this assumes the from a 
aV 
( v:—21..8. ) w=0. | 
Or | 
Similarly ( у:—2% 9. ) v'=0, | à 
Ox 
ore Ай) 


L t (А 
апа a + А =0. 
2 
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‘-.The spheroid'is taken to be ovary, so that its sections perpendi- 
cular to the #—axis will be eircles and therefore the vortex lines 
wil be circles having the axis of @ as a common axis. We may 
assume. ' 





ё—=0, 4-—9X 78% ... (8) 


where X is a function of æ and p (the distance from the axis of 
a) only and £, 1, Ё are the components of vorticity. 
БД 


Then we must have 


























‚ 9 = 
(v:-ai a )x- .. (9) 
Thus 
Buc catus 86. OOS X) С 
И “о, ov + б>) 
_ 3X „ӨХ | 
-$ Hg 
i ... (10) 
v os Of Of _ 8?X 
8” = V? wv- Т 8: 29:8, u 
Ow’ _ а 84 On _ OX 
2k т ү к=з, 5, 79.8: J 
Therefore 
wl ӨХ x, b 
2k Ou. 
„1 ӘХ | . al 
o= y я we (11) 
‚_1 8X 
UTR д: ° J 
ke 


In (9), putting Х=е x! , we get 
(V -k*)X'-0. 
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Therefore equation (9) can be written in the from 


— Ite . 
(V3—k?)e Х=0. .. (19) 


The solution of this differential equation is 


—ky . —kr : 
e X=C id " 26! (13) 
Е 


where С is а constant .. 


From these we have finally 





—..99 r Әх _ 7 
u= Fa ta 8. X, | 
=t ,1 OX 
va Bt + OX > e. 04) 
V 1 89,1 8X | 
"cca. T3 8. ) 
where 
—k(r—w) 
X=C —— , s ser (15) 


We Бауе u=0, v0, w=0 at infinity. Therefore $ must obvieusly 
involve only zonal harmonics of negative degrees and we write 


же ва, 0 (1) s BS) 
н, Bios s 


where Ао, À,, A,} À,, ... ^  .. are different constants, 


If we take kr very small, we have 


=. 1 ,, Ка, kat 1 — 
х=с E ke Sy Ses x j a (17) 


2 See Prof. Lamb’s Hydrodynamics, § 289, (Third edition). 
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dee. 
ues uL и’ 
1... (18) 
te psa Gt n» 
ET Е ет | 
+5 bre aS ( 2) + }, 
"Therefore | 


=-ё[# ge) ee 401) + 


Oft k ИТ, зү, зл 7 
and similar expressions-for v and w. 

3. The constanjs C, Ag, А,, А„, А,,...... can be determined from 
boundary condition 7.e.,, w=—U, for r=a'[1+e P, (eos 0)]. 


' Therefore making use of the formula 
=f? 8° f1\. 
P, (cos 9)=( 1) -nt Qa" (=) 4 
and retaining only the first power of -е we have 


n 
a? 


—Uz P, (1-2 P,)— EXT P,(1—3e P,) 


i 


+з 31р, (1—4eP,)— Аз 41 Р,(1—5‹Р,) 


` alt 
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+s ИР, (1—6‹Р; zi + 61Р,@— 72.) 


A 
78 


+ ==. 
а 


aes 


"IP, Mas е —81P,(1—9cP,) 





w (1- —‹Р m aon Ф OP.) 
P ае, Зыр ee ... (20) 


In the above equation using the formula 
P,P,—B,,; Р... +В, P,+B,.. Pas E 


where | Я САР 
8 (+1) (0+2) 


В. OrIyu3)" 


В = n(n--1) : L^ 
TT QD n 13) 


В, : _ 3 n(n—1) 
| Е (ntl) n=) 


and comparing the co-efficients of P, Pi, Р, ће following set of 
equations are obtained to determine the constants :— 


4) U4 E АЕ — 











TE o 4‹ 41. ве 5—4e 
(i) = Deu we 4.—0 (ту oR) =0, 

2 Hs ee „7 
(її) — ee А+ С: TUM) =0,- -~ 





SI ‚61.10 _ 6—0, 


(iv) sous "E С 3845 ^* us Shalt 








108e , 100 71456 | бе oii 
(9) ggg AT (iu Jas + за" tagg 070 
o8 120. 81.91 
-(iv) ues А.-т (i-i mE dest A= 
= 600 за 9121 AE 
(wit) “FEE А, (at + ila, o e (21) 


ete, - 
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We have-taken « to be very small and retained only its first power; 
so we put for A, in ($) its value for the ease of the sphere, which is 


_ Ча - te 
i Е 
Thus from (7) we have . КС 
C= (0) ш... 8) 
We have A,, Ag,......all zero for the case of the sphere, therefore 
for the case of the spheroid the values of A,, А,,...... will contain « as a 


factor; therefore we neglect all terms like «A,, єА,,...ав we take into 
account only the first power of є. 


Thus from (77) we have 





__ Виа! 1\ | 
А, (1 DE M ... (98) 
Similarly from (iii) we get у 
А, =- T (1-55 е .. (24) 
From (vi), we get TX 
- | А,=0, р 
Therefore from the equations it is clear that all the constants such as 
А,, А,,......(2е. the A's with even suffixes) are all zero. 
From (v) we have 
: _ _ 30а 
A,= 140 € (25) 


А», Arse .will contain є°, єЗ,,,,ав factors and consequently they are 
neglected. 
Thus finally after a slight simplification we find 


$e (i-a) 83 G) ta (+) ]. 

E |на gray (+) нав Jes (>) 
М x: = tge“ 8:8 С )]: 

ws DE [-5a-10823 LEES ) +е* 0-39) 55 $4) ) 
uo | ta anor) ] 
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"Olerbec?s solution. 

4. If an ellipsoid moves in an infinite mass of viscous liquid 
with the general velocity U, paralled to the axis `of $ such that 
uz, v0. w=0 at the surface and w=U, v=0; w=0 at infinity, 
then Oberbeck has found out the following results for-the motion 
of the liquid 

vee wen [435 99. —Q+ н 922 | : 


а? 


ТРЕ Т, + Q*P 
ы By Т“ 9203 


EMT oP) | | ue 


where © о ae Р 





2? y? z2 _ 
Pc—sabel ats + b? 4-s T c? +s 
V (a? +5) (0 +в)" +8) 


3 


and 
ГА oo E 
ds 
о-в V(a* 35) (P ES Fs) 
X^ % 


А being the positive root of the equation 





ie y? g2 =] 
"pa epi т © 


and А and p' are constants such that 
| U 
- - = + Ss, and p'=a?, ee 
Е а 
where 5 к. UP | 
oc 


paral a 


0 > 


and 








us _ NT n nos "s 
Ао = (a? +8) ^ (a, +s) (b* +s) (e? Te) 
a 0 ` | 
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I propose now to deduce, from'thege résults given by Oberbeck, 
the;values of о, v, w for the case, when б=с. 


T take:the ellipsoid of revolution to be ovary (Ze, $==е) aud its 
equation’ tó'be'of the forms r—«'[1-- «P, (cos. Oy] where-e is very shall; 
so'tliat we may neglect its square and higher powers. 


Therefore 
a —a! (1+); bo! C т) 9 В matet, and e. 

We have 
P*=the potential due to the sphéroid at an external point 














_ 8M 1 (a—59)5 , 1 (a—b») 
Tics l3 r + ITUR P, (eos 0) + =. ] 
where M= a, and cos 6= > 
Similarly | 
j rea pF trae po. 
О*= М : [e s ME 1-(а? s Pii] 
(a? —b?)2 D 3 T Y 
where М!==4таф?. 
Therefore 
2 4mab* 1 m (a? —?) 
uk: m E CET s» 2E , 
and 





_ 4таб? 18 gs _ 4rab? (a?*—b5?) ð? /1 
Q= —- pru US$ 9 Bin? (5) + 


^8 ¢ 


Substituting these values of P and Q, we have 


U тз ate S 
= 3a 
eor Fer, [a 2 Ges $x (1) 


са: в. я sal; ;) 

















neglecting higher powers of e*. 


* See Byerly’s, Spherical Harmonics, рр. 165 and 156. 
; рр 
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We have DE 
P P,+2P : АР. +3Р.. 
Pipe tetra, and P,P,— "eroe. 


ишш 
(T 








Therefore Js : 

U 40 [ AP, QP, (1-8 T ye 

Ve к 1 ов a 
_ 12 a Р, 4! ase Р, 

te., 

_ U 4та Г 4Р, _2P, «(1-10 2P, 

DTE WAS. [== = tee АЙ 

3 4!P 3 


! 4!Р 
Рае LL 4 .pt.gw*e 24 
i4 63 +тб° ес |: 
From-the boundary- conditidns we lave 


. и=0, when "=а’(1+-«Р,) | 
Therefore 


O=U+ oA Pax [| eae) ae, 


ФА Hat At, 
+а* (1—19, уг (1~3eP,) 











négleding square and higher powers of » 


From this equation comparing the coefficients of P}, we have 


U ns vr 9e бє 
U goce |ы 
+ бан. Q, Fa? À, | * Ba sa | 0, 


since E P, +2 P, : Р.. 
From this we find t | 
Q,-Fa*A = F (444. ). 


3 5 
Thus finally we find 
та Ue Г _1 1 1 1 
== Г) 0480) 


tg 1-2 Эд: ( 1 ) 3 19 ð+ 1 
Té ( p Ox? T А 14 Е air. r 











йе 
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Similaryly we can find out the values of v and w in terms of 


the differential coefficients of | ; 88 : . 2 

eX [e 6H Os) nm (865) 0) 
ss Hoe warn )]: 
ELC) CHOR) 


| -ae gare, (ие seg. (1)]- 


Resistance 


5. Next I propose to find out an expression for the resistance 
experienced by the ellipsoid in moving through the liquid. 








3' 12 ey? 
134° €) 


Let F denote the resistance; then for the case of the ellipsoid of 
three unequal axes, Oberbeck has found out that = 
the resistance==6u7 RU, and R= А Eas 


where .. oo 





: аА 
Х =abe | Wat EXP PANE БАУ and 
0 


oo 


dÀ 
„= Í ее. 
^ 0 


In the preset case bo, ad (1+0, bzw ( 1—5 5) 





and X, Fata os d (4+5 e) , 
Therefore в=Ё А als Е a! 
Р ( 4 1 

5 9 4+5 є 1+ € 


and consequently - 1 
F—6nua'U ( 1-5 y 
and from my results I get the same expression for the resistance, 


6. The method used by me for the ellipsoid of revolution is capable 
of being extended to the case of the ellipsoid of three unequal axes. 





On a class of ellipsoidal harmonics and a method 
of soiving the wave equation in 
ellipsoidal coordinates. 


BY 


SUDHANSUKUMAR DBANERJI. 
[Read July 2th, 1919.] 


1. In the present p. per I have developed a new class of ellipsoidal 
harmonics which are solutions of Laplace’s equation and then have 
used these harmonies in solving the wave equation in ellipsoidal 
coordinates. The ellipsoidal coordinates used in this paper are 
(р, 9, ф) defined by 


w=ap sin Ө cos $, 


y= bp sin Ó sin ф, isi (1) 
с==0р cos 6, 


where p=-constant obviously determines a set of similar and similarly 
situated ellipsoids. This system being analogous to the ordinary 
polar coordinates has got certain advantage over the more usual 
system А, и, > representing a set of confocal ellipsoidal surfaces, 
hyperboloids of one sheet and hyperboloids of two sheets respeetively 
but has also got certain disadvantage in as much as it does not form 
an orthogonal system. Тре ellipsoidal harmonies in the coordinates 
(о, 0, $) developed in this paper will be found to be simpler 
and more convenient for applieation to physieal problems than the 
Lame's functions. But perhaps the most remarkable applieation of 
these harmonies consists in the use that has been made of them in 
this paper in solving the wave equation in these coordinates. 
This equation which was first transformed by Mathieu! in Л, р, v 
was found to be so unmanageable that he had to content himself 
with approximating to its solution for the special case of an 
ellipsoid of revolution. Subsequent wiiters including Prof. Niven? 
have simply improved upon the approximations of Mathieu. 


1 Cours de Physique Mathematique, Ch. ІХ. 
2 Phil, Trans, Vol. OLXXI, (1880). 
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2. It is well-known that if (г, 0, $) denote the spherical polar 
coordinates of a point (z, y, г), i 


apa cos 
?" P,"(cos 0) sin $ 
- 2т 
(ER) eS шы) Ca eben © in 8 mudu. 
0 .. (2) 
Obviously, by a generalisation of this expression we can definea 


function С” (0, ф) by the .expressiqn 


С,"(0, ф)= (ntm) (nehm 11). (nel) (—1)? 


‚т 


2m. - 1 
{ (ccos6 + таза cospcosu + tbsinbsingsinz) *cosmudu ... (8) 
2 : t 


With this definition for the function C,"(0, $) , it is easy to see that 
р" C,"(0, $) is а solution of Laplace's чын in the ellipsoidal coordi- 
nates (p, 0, $) defined by (1). 


Similarly we can define a function S,"(0, ф) by the.expression 


B,* (6,4) Ur EP GER aED (at 


2r 
1 (ecosÓ + гавіпдсозфсоѕи + zbsin@sindsinw) "sinmudu ... (4) 
3 
.0 . 
and.p"-S," (0, $) is another. solution of ‘Laplace’s equation in:(p,’0 ф). 
‘The ‘function corresponding to -the "Legendre's function can «be 
défined: by 
2r 
C. (0, $) -al (ceos6 +iasinĝeosgcosu +ibsiņhsingsinu)” du 


0 


2m | 
=. {ссоз0-2(авіп?бсозаф +. b*sin*6sin* ф)®сов в] "du .. (5) 
"T 


0 


А 
ON A CLASS Of ELLIPSOIDAL -HARMONICS | OF 


- Я ELT 
and 'p"C,(6,d) ів а solution of Laplace’s equation in^ (g, 6, $). When 
a=b, the function is independent of 4, Tey 


P 
og eom 0 4-ia sin 0 cos и)" du. 
E Tr = == D ects 2 
9 | * aeien 2 7 7777 
3. То obtain the harmonics which vanish at infinity we define 
thd functions T. es zu Messe jd 


6."(6, 6) = ES и omen | 





дт ` : 
cos mudu (6) 
(c cos 6+7a sin Ө cos ф cosu--?b sin Ô sin $ sin и) 7 
0 
and : NE 
Аз, + 
= = [o 
б^, e cp i Gm a eh 
qian 9. md is А RIS i | 
1 1 
sin mudu EE (7) 
(с cos 0-I- a sin 0 cos ф cosu+7b sin Ó sin ф sin «)**! m ; 
3 | 
‘and obviously ($,"(0,9)/p"** and $,"(0,9)/p"** are solutiqus of 
Laplaee's equation which vanish-at infinity. . i |. | 


D 


‚. * By an application of Green's theorem we can easily prové that 
the functions C,"(0,9), 8,"(6,9), G,"(6,9) and 5; ^06,ф) defined: ‘above 
all satisfy conjugate properties. 


The element of volume in the co- ordinais © Os, $) is 
Е . ios sin 6 dp 00 d$ ^. (8) 
which can also-be written in the form 


oa | Ый. ° * С. ө 


where 48 is а surface element and Nue АА 
1 1 1 


dp=p dp. 


Bi aad _ __ ак __ СИНИН ы... (10) 
PT (b207 sin?0,cos?$ J-c?a* sin? sin? 4-0? b? cos?*0) 2 1-8 
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So that the surface element dS ean be written in the form 
* 


48= Ex p? sin 040 de. 2. (1) 


Now, by Green's theorem, if Ф and Ф’ be.two functions which 
satisfy Laplace's equation, we have 


f E pan us - рио .. (22) 


Hence since 3l D , we see ät: once that the functions 
On Po Op 
O,^(0,9) and S,"(9,) defined above satisfy the Пан conjugate 
properties :— 





ў; [Н C,"(6,9)C, "Фә аса. =0, (nz!) А (13) 

ү Е 8„"(0,ф) S,"(& "M (ә)... (14) 
dle | | 
£V С, ping 40 ds const., ~ Е (15) 
| e — АВЕ, | (8) 


Similarly for the functions ($,"(0,9), $."(0,9). 


5. Itis interesting to note the following relations between the 


functions 0,^(0,9), S,"(0,9), @„”(0,ф) апа $." 0,ф) ori 





2n4-1 Р Я 
0,7 (0,9) — (а? віп?0 cos? +b? sin?Ó sin" +e? cos*8) 2 $."(6,9), 
» (17) 
8„"(0,$)=(а? sin*0 cos?$-- b? sin?0 sin? 4-с? cos?) 2 G. Op). 
(18) 


When a=b=c=l, С,"(9,$)=©,"(6,$)=Р„”(сов 0) совтф 


end 8, "(0,ф) = Ф. "(0,9) =P, "(cos 8) sin mo. 


i 
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The values. of the functions C,"(0,9), eto; сап be apse in ‘terms 


of the hypergeometric function. Ё 
e. 


~ Thus we get. 


E (dca "ES tan "6 Ca 1--m--9 
(0, ‚= =m)! Zam! (c совй) +1 Е 2 И "TOC ‚+1, 








—r? tan?6 )es my 





Ss." P ntm)! РЯ tan "б аад n--m--2 
(69) = (n—m)! тт Г (о совб) "t? r-( g ug ohh 


и 


R M —r? tan ?0 ) sin my 


where Fi is a hypergeometric function of the four а. within the 
parenthesis and ee = Е 


R? =a? | sin*ó co costé +b? sin* sin? d-Fe* cost, B 
7* —(a* cos*ó-Fb? віп?ф)/о®, .— T TX E NR 7 
tan esta "t $, аи я 

€ being the greatest axis of the-éllipsoid: 


5. It is well-known that *" 


P. (sind соѕф вши mm sing sint асай сов) 





=Р ү P, T 2435 mo i P,” (cos6)P , "(cos u) 
cos m ($—v) | is 
If we write _ 
ve-—rsinÜcosó, . _ «=r sin u созо, -. 
y=r sinf sing, Е y =" віп u sin v,- 
z=r в088, z =r" cos u. 
iu ID — (ит) (я+т-Т)...(® +1) (—1)1, ` 
nm id 


then we can write the above identity in the form -> + - 15 


7^s/* P, (sinÜ созф віп u cos v+sinf sing sin w.sin v--cosÓ cos u) ~- 


0 


1 2x 08. т Е TN 
= iei | (2+2 coso- iy sinw)" "do x (Gee —': sino)*du 


о 


эң. 





gr 
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i . (т $ : 
m ит) 1 [ © (24-с сово-Е Фу sino)" сов тойо 
Lam)! pm у ош E " 
; 2r И 
“x | (2! +22! cosw+zy’ sine)" cos mudo 
ptr E Q0. | > o 
+ (2-70 cosw+7zy sinw)” sin modo 
E eibi. o ы 
2т 
х C + сової sino)" sin тойо ] 
ү. 3 OF eo cee "MM 
that is to sayin the form ° 7 с 77 


Е 2т К E r 
«| [а - yy +e: tif (уз'!—гу')* + и. 3 4- (a9! —34,)? } 2сово]" о 
т. Е e x WO m M ANS LU a o. А 
o a ME 


1 2r “On Е 
==. | (z+ix сово iy sinw)"dw X a Ae Hir Soy a) "do 
т cm d s 


о 0 


ит)! 11 


mm)! F nm 





AL ү” (2-2 сово бу яў, соз qudo —— 


«^ (+i дов ш-- iy’ sin e)" cos medo 


^ 


t ( (2! -F ia! cosa +iy' sine)" sin Rx si | 


о - n > жле съш: Me 


9c | 
х | "(2 +t! сово iy’ sino)" sin mwdw 1. 
NN à e ае 


Now if we write 


t 
ёзар sin 6 cos v=o" gin u cos v, 
p , 
y=bp sin 0 gin b, 7500 y'= sin w sin v, 
z=cp с05 6, 5o zm cos и, 
we geb . ET 


«| Га 8119 созф sin w cos v-F b sinO-sin$ sin u sin v+c cosÓ cos u 
T 


o 


"efto sinf sing cos и—с sin- sin о cos 8) 2 


Yo 


+e sin w cos v cos —a Sin 0 cos ф 668, 0)" 


n 
+ (a sinf совф sin u sin в ‘sind ind sin v cos v)? сов ә] do 


g 
1 
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Әт 
1 
Ат? 


= (c сов 9-Е за sin 0 cos d coso -- zb sin 0 sin $ sin о)" do 
wns p.72 NELLE 
mv ^ FE Qd Н ME 


fiie 29% 


СО. „ае 


` 


9m 
(e 


OS 04-7 sin u cos о COS wti sin о віп v sin e)" dw 





9 е 
+2 5" D 11° [ о 
maz] (®+т)!% m | | ‚+ - eos modo 
И 0 à P em 
9т 
a) (cos w-+¢ sin и cos v соз o--7.sin y sin v sin e)" cos medo . 
0 - = ич а 
т р м Ges a de x 
+f (с cos 6+2a sin 0 cos $ cos w+2b sin 6 sin ф sin о)" sin medo 
0 EN = : В i i р = 
дт 7 е Se 


«| (cos и віп u сов v cos «--$ sin « sin v sin v)" sin modo 1. 


0 


In other words, we get in accordance to our previous definition 


C, (0, 6 ; п, v)=C, (0, $) Р, (cos u) 


42m (нт)! 
m=] (n+m)! 


C," (0, $) P," (cos u) cos mv4-S," (6, ф) 
P." (cos «) sin ow | .. (09) 


7. We shall now obtain the solution of the wave equation 
(V* 4 k3)V —0 ^. (20) 


in terms of the functions introduced in the previous articles, 
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It is well-known that 


m pm ik(a sinucosv-+ ув Ниши -+ zcosu) - A 
V e j f(wv)dude . ... (91) 
0 0 А 


represents а solution of the above equation in cartesian coordinates. 


Hence in the coordinates (р, 9, $), a solution of the above equation 
NB he given by ^ 


N К d Mem ut 


H m 


idi ст (97 tkp(asinbcos@sinucosy + bsindsindsinusinu+ своздвови) 
= e flu, v)dudv ... (22) 
0 0 


It is obvious that by property choosing thé function f (u, v) we can 
construct a set of solutions of the equation ( V? -- 13) V =0 in p, 6, $. 


Lot us define the function у, (kp) by the relation 


- < ы АВЕС 


E. —n pr дт. : 
| tkpe cos 9 А 
V. (ho) © | |. 0,06, Ф) 90.0 apap, „. Q8) 
P, -7 


П +. t * Ын - V 


| P ("ро cos6 | 
у, (Ер) =ир Ve C, (0) (c*sin*0--a*cos*0)sin6d6d$. ... (24) 
- зе? 1 


(1 cosÓ a 
Ву expanding e in the exponential series, it is easy to етше 


^ 


the и term by 5 and to obtain an expression for у, (hp) i ша 
series of secending power of kp. 


(S 
One way? of expressing the result is 
„5 ^ CV. p) = ZA Celp)*, 
Е lu "e us "ДЫТ 


* See a note by Prof. Baker on a formula connected with the theory of sptierioal. 
harmonies, Proc, Lond. Math. 80c., Vol. XV, (1916). 
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"where the summation extends for all values of s for which n+s+2 із ап . 
even integer and ' . 








= i ger 2°97 ais s(s— 1) Apre 
A = рулуп Sl" U, +2772 IT Bi Use. 

i gis S1) 36-3) shi sl 
zx 92:- + | U, y ] 

+(+2—) 

1 9, 5, Ө 
СРЕ OF Әт Pt әр E 
ar 


Uz(b?c?£8 4ean? + a? b? £? анон sinw)"dw 
0 
and £ 7, ¢ stand for sin 6 cos ¢, sin 6 sin ф and cos 6. 
With this definition for ү, (Ар), it is obvious that we can expand 


tkpc cos 0 NEM 
e in a series of the type 


‘ре сов 9 
em Аар + i. (0, Ф, ФА. у. (Gtp)C, (6,6)... . 


РА, (кр), (9$) +... .. (25) 
where A,’s are simple numerical constants and are given by 
т Эт | 
A,=2mi" ( | [C, (6, pou ава. e (28) 
оо i 
Similarly, we obtain the expansion . 


tkp(a sin @ cos ф sin u cos v+b sin sin ф sin u sin v--c-cos Ó cos а) 
e - 


Ass fg) A i (19)C, (8, $; m )+:. ME 
TAL (100, (0, Ф; и, c), s. (27) 


the constants A,, A,, etc. having the same values as before. 
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ve Же expression for V-can therefore be written inthe tem 
: : 


va >, AT c ne (6, we ia edo. = (28) 
n=0 
i 0-0 


D 
kt - — — 

Н -= 

! - >-- = 


Te now C 2 p; и, 1) be expanded in a series m the form (19) and 
if f(u, v) be chosen to be 


= e 5 = 


s RE Son gate 
mo, 


sin u fer и) соз 
а solution of the wave equation ‘in the а P» 0, > is з ab once 
obtained-in the form ^ hop ot Е ; 


у, (p) C," (8, $). .. (89) 
If on the other hand f(u, v) is taken to be m 
sin ш "P, "(сов x) sin mò, 


another solution of the wave:equation is obtained. in the form ` 


Ya (ip, S jp $). | ; (80) 


А number of богові а. Вузы аа can hs solv with the 
help, of the solutions obtained above. For example, the non-stationary. 
state of heat in an ellipsoid given by р=1, with the condition of zero 
temperature at the boundary, can be expressed in terms of (29) and 
(30), k being a root of the equation 


| ‚ #Ф(%)=0. „| | 
4 we - $ } 


- PONES | 
Similarly, the periods of free oscillations of ‘a gas, contained within the 
ellipsoidal shell p=1, are given by k which are the roots of the equation 


Wero с 0 UT 


А. memoir by the.presenb writer оп ilie many elegant and'interesting 
properties of the functions introduced in this paper and their 
applications to physical problems, Brom ellipsoidal boundaries will 
be published ары 
(wo. мыш чыз Meta, URN RI 


4 
Soine cases of Tidal oscillations in 
canals of variable section. 


BY 
SasaDHAR DasGupta. 
[Read March 9th, 1919.] 


1. Problems on seiches їп lakes and tidal waves in estuaries 
have attracted considerable attention from mathematicians for a 
long time. Prof. Chrystal! and Lamb? have attempted to give 
a satisfactory mathematical theory of these phenomena. In view 
of the very interesting theoretical results obtained by these writers, 
I was led to study some more cases not considered by them. 

Towards the end of the paper I have considered the second and 
higher order waves in a parabolie lake. 

It -may be remarked that the only case for which the second 
order tides have been determined is the one considered by Airy? 
and Me. Cown* in which the section is uniformly rectangular through- 
out. As usual I find that the frequency of the “ second order 
tide " is double that of the primary disturbance. 

Iam thankful to Dr. 8. К. Banerji for the interest he has 
taken in the preparation of this paper. - 


Parr I. 
First Order Tides. 


2. The free tidal oscillations in canals of variable section are: deter- 
mined by the equations 











Өз ^g 8 Bs d 
Oe =f on L832 |. id a 
i 6? = 8 1 ə 
$5 80-68 э. | ig. 60]: n @) 
ЭШЕ ee T 
q= Bla) 8з СОЗ «s (8) 


1 Chrystal, “Some results in the mathematical theory of seiches » Trons В, 5. 
Edin., t. XLI, p. 599 (1905). ES 

E Lamb's Hydrodynamics, 4th edition, p. 267. 

з Airy, “ Tides and Waves,” Ency. Metrop., Art. 192, (1845). 

* Мс, Cown, "On the tico of long waves" Phil. Mag., (5), t. PUMP 250 
(1893). . 
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where S is the section of the canal at the point v, 7 the tidal eleva: 
tion above the equilibrium level, B(x) the breadth, and £ the time 
integral of the displacement past the plane « up to the time $. 

I now proceed to obtain the solution of these equations for various 
types of canals. | ` 


CASE I. 


3. Suppose that the horizontal section of the canal is a parabola 
given by ble) == and that the depth is constant, 


Assuming that ух cos (ot-- €) we see from (1) that 


d? 





3 2 dy a5 4 
d y pnt З e 


where k? =o*/gh. 


The solution of (4) is given oy 


д 
q—Àx EA (ke) cos (сё €) 
2 


мј 


2 i ` 
= 3 \ sn (he 
=Аа ( ==) sin (kw). cos (04+ e), 
If the canal communicates with an open sea at its mouth w=a 


at which tidal oscillations of the type 7=С cos (ct+e) are main- 
tained, then 


О a sin (kw) 
77 а sin (ka) 





cas (otte). 
lf the canal be closed at -e=a, the admissible values of k are 
given by р 2 | m 
ðI 
| 6s go | 
; © — Mis 
i.e. el а. 3,02) | = 


ог, : | ` ten (ka) —ka. 
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4. The depth being constant, let us inquire under what circums- 








tances, | ә 
a n gh, 8 Өл 
68 BG) de ( eves ) ne АЗ) 
has а solution of the form че 
т==ф(а)Ё [4(=) 0]. —— ee (6) 


where F is an arbitrary function and $, V are definite functions of 
the argument a. 


Now (5) ean be written in the form - 


1 ð” .8'», ду Olog [b(x)] 
gh Ot? “б дз’ Ox ey) 








Substituting the value of y from (6) in (7) we have 
(92 4 as \ LE nyt 2 8log[b5(z)] ‚ 
(с ие) -P (2+7 05009), фи) 
Ен "а. 9 log [6(2)] „ү — 
p (esu) cn 


Since F is arbitrary :— 


офу DEBO, gio, 


$"4- но $. =0. А “. 


= —%+40,, 
(gh)? 


d(x) = (Be--C)"', ў 3 





b(s) = A (Ba--O)*. 


i(ke + ot) 


If C,=C=0 and also TV then assuming Е=е we get 


the harmonie solution which we have already considered, 
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‘CASE IT, 


5, Assuming that both the bed” and surface of the canal are 
sloping, so that S=b oua, the othe. circumstances being the same 
as in ease Т, we get from equation (1) 


1 9 „з. дт. g? | = 
e Oa E ac] DE 20, 


Putting z? =2 and 2n =k, we have | : | о я 
0 - - 








i4 : Чо. 
Therefore, | = „Жел F, ck ) cos iid 


=A (28)? J, [(21x)*] cos (et--c). 


On determining the constant, we have 


7=B(2) ue цевья EAC cos (at-- e). 
КҮЛ 


Now if we assume that ос cos (not, where у is arbitrary and of = 9 ho 


a particular integral of T) 


pA [5$ ү J, " cos nat. 


_А 07 o[n(2 v)? ". 


n Өз соз "n 
т 
=A .9 PE: i ee Й 
п да iE [n(2i)* cos $] cos not. de 
7 uz а № eos #4 (22) сов ф+ ot] +008 n((2a)* cos $—e | de 
0 ` n 4 pr p у 


“~i Therefore we have as a solution :— 
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e 


24 | (o? cosp Hot] J-F4(2:)* cosó—ot) ] d 


where F is a function capable of being expanded in a series of cosines. 


To determine F we shall have to satisfy the initial condition. 


Suppose =, when ¢=0, then е 293 : ; 
т 55 m | E: 
fe dc | F[(22) соз $44. 
0 Bn. 


If den. then the determinátion-of F involves ‘the solution 


of the integral equation 


CASE III. 


6. If the surface is parabolic and the ‘bed sloping, e ‘that 
h(w)=h,. ә, [b.(z)]? =ar, then the ee (1) becomes 


1 $; Я $us; ФЕ та 


1 
а? 


Gio 


Putting z?=22, and К? det. get 


o 
2% 


DA +2 0. 
z* dz 5 





Since 7 is to be finite at the origi 
n=Az -$ J, ,U9 eos TEM 


=A | e»! D^ J, [RBS cos (e). s us 
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Assuming that the bed is sloping, let us enquire under what E 
circumstances (1) may have a зо а оп of the form :, 


q—$(«) Е (Ye) tot). 


Following the same method as in ease I, we get 
р a -1 
$(2) = (Be? +0) 


D[Be? +0]? . 


wa 


and b(»)— 


CASE ТУ. 


7. Let us now consider the case? when the breadth is constant, 
the longitudinal section through the г axis is parabolice being given 


by h (x) —h, (1-2) and the section perpendicular to the axis at any 


point a parabola of latus rectum, 4k say, where k varies from point 
to point and as can be easily seen is given by 


шыл ke es е 
x? 
4h, (1-5) 


When x= +a, the limiting parabolas at the extremities of the lake 
coincide with the bounding lines. 





Putting и=9.5, eese in (2). апа (3) we have, 
ðu КЪ 
9n =9. В. тя - .. (8) 
2 ди 
Са we а e (9) 
where 


Abu, (qo 
sepe (1-5 )- 


1 Ohrystal and Lamb have considered the section perpendicular to the т axis to 


be rectangular. 


еч кэ 


SOME CASES OF TIDAL OSGILLATIONS IN CANALS All 


' Substituting in (8) and assuming that woo cos (оё є) and putting s=au, 


we have aA 
ГД 


_ „у ĝu, n Beta? i 10 
(1 o) Fpa 0020, where c= 2%; we (10) 





This equation has the following solutions * consistent with the 
boundary conditions :— à 


ЗА С(с„,- 1,0} 
ФБ, (1—o?) 


eos (o, , .,£4- €), 


(a) ё= 





= > Bu mie CD. 9 = [О(о„.- 1,9)] cos (e, - +9, 


where C(cw) is Chrystal’s seiche cosine function and с..-1 ва 
root of C(c,1) —0, it being-2s. (2s—1) where s is an integer. 


3B.S(e, „,ш) 


e а") 


cos (e, EH €), 


B 
den s 6 - [8 cu. eos (m, tHe) 


where S (с, ш) is Chrystal’s seiche sine function and c,, is a root of 
S (c,1)=0, it.being =2s(2s+1) where s is an integer. 


In either case the period of the n—nodal seiche is given by 


omw. m м8 Е 
T,= cc ТОЕТ T Nue ACE of the lake. 


» 
This shows that the period of the-n—nodal seiche is r times the 
corresponding period for a lake with tarnsyerse rectangular section. 


N.B.—If the longitudinal section be a convex parabola, the other 
circumstances being the same as in case IV we get the solution in 
terms of Chrystaľs seiche hyperbolic sine and cosine functions, The 
period is however given by a similar берги, 
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Cay cae Dt Cain sep E CASE 7. 


8. It b(v)=b,, Ма) = h, fis ?— =, е, if the quae section 
zu 
i$ an ЕТА whose major axis is in the equilibrium level, we have 





v £ [a 1-285 Я «x TA = q=0 | x (11) 
Putting = = sin 25 [m geb : o „Ж шы 
A 27 +26, cos 27.3 —0, E x . 
я ЕА Site 
To solve it assume у=е > b.e 


. «4-—-—o0o 


^ T | i : Ye 
Substituting in (1) and equating the ‘o-efficients of powers of e фо 
zero, we obtain the system of ра. 


(w+ 9ni)*b, 4-0 S ЖОЕ 
n=[...—2,—1, 0, 1, 2..] - 


1f we eliminate the co-efficients b, "ete. after dividing the typical 
equation by 8, 4" Бо secure conver mene, we obtain the infinite deter- 
‘minant ` ` 
ТЕ m eL on 
—9, @p+4)* 
427-0, 49-6, 4*—0,* 

















E —0, (ip)? `—0,. 0 ч =0 
07 0 XG, 0:—8, 0-4, i 
—0, (5—2)  —0, 0 
2—9, 3 2—0, 2° —0, 
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3 . 


ons eere A Pam "n 





20* DP. ` гіт _ 0? ӘР, 
[ un OF alo ADP, ё Е 275: ES 


Ov E S ZEN : Leni) p, ] Me! =0, 
or > [600-700 ар, 


ӘР, Xt. | ӨР, 210, 
282.) "ero. Р. |е 














we shall now expand 2z ( x ) *_-3n(n+1)P, Өт, in а series' of 
2 2 


zonal harmonies. 


Let £e ( S5 ) cx, 92. 





DP,., ош. +:..} -32(1)P,.] 


К | OH ES 
Now zi ыша | P; + Ec j Pas 
; 1 pp „2 %—72. n—2Q.. ^ 1B 
* Е 1 n=: ——5 Peut P 
Р PC г T— L4 " 1—5 
etc. o 5—99 Pret rg Pane 


2 Кә= B [(2n—3n(n-- D) P, --2(n—3)P,., --2(9n—7)P, a t.e] 


=[В,., Р, ,+В,_, P, s. ][D,P, D, Pares] 
=С,„-, P, 0,, 5, P ancs +. n+, Р, * 


(for all values of п even or odd, the last terms of f(z) will contain P, as 


can be easily seen). “Here "ME 
D,=—3n? —n, s 


-OCDQGe2G(Q.m3)^ _ 
Dp —9(9n—"), - 
В, =2n—1, 
E Е В,-.=2и—5, 
Br- = 9, 


etc., and 5 


etc. 
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Now using Adam’s result for һе expansion of the product- of any 
two Legendre’s co-efficients in terms of the Lengendre’ в co-efficients, 
we have 


0, Lo D; p, 7, E355 (8-9) (nti) (n8). (a=) у аат) 


(0—1) ! (2n+1)(2n+3)...(4n—1) 
- TY :1.3.5...(2n—5) ‚ n(n+ l)... (2n —2) z 
OIM Genk)! aa. a) 8—0) 
| 1.8.5..(2n—5)  (n--1)(n4-2)...($n—3) E 
*D.B.., (n—8)! (n+ X En-F3)... (n5) * (ee) 


CES.(98—5) — "n(nql).:(28—8y = 
FEIN. UAI. Gn eT. тасу 08—59). 
Cans ate. e 5 


hus A= arc T. 8 


eek E n : m. 

SOC d TTC: D- gd d : 
e? eek Cis (ayer. 
а [4n(n+1)—(2n—3j+2)Qn— Sin 

The nature of the solution.obtained above shows that if £ is calculated 

to 2nd order of approximation we’ get tides of the 2nd order being 
proportional to c? and the frequency being double that of the primary 
disturbance. Continuing’ the approximation we obtain tides of higher 
orders of frequencies 3, 4...times that of the primary. 


Aga-(25-1) = 


п. The following partivular cases are interesting :— 
1. When n=l, | т 


g=0P, ом at =. c? Pi je Фо! t’ P 


and B, м ў xx NY 
290,18 given ub 0}=1.2. о PEL ss 
2. Whenn=2, | а 


np tx dest .e* [27 oirt 
é=OP, (z)e 5 Peay е P 


and 7 h 
g,.is given-by_. оз =. Bs p 
3. When n=3, 


Tt _ c? 7197 ` 250 
#=ОР,(}ё з E 8 nos 14 -Р*©+ з PO] 


OR Ты x ete st | 
and e, is given Бу c2 =3.4.- йо. EE 


A 
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or P 
| | > А @иу—=0 зау. 


/ 
Thus we get sin? Ig = A(0) sin? i cw \. 
o 9 Е 9 1 


[See Whittaker's analysis p. 409]. 





и 
This determines д. Then b, is given by b, = D. b, where L, 
Jo 


=co-factor of b, in the determinant A-(Zp) and L, =co-factor of by. 


Thus if the canal communicates with an open sea in which tidal 


waves —- - 
n=C соз (at 4- €) 


are maintained, we haye 


n=0o -miz - - 
Ce ^ x ў Lye Gos: (o£ +e) 
_ n= — оо 
4 N= оо 9niz, 
es >: L,e 
n= — оо 


where z, is given ‘by-sin 27, =. c, being the distance of the mouth 


of the сапа] from the origin. 


Parr II. 
Second und Higher Order Tides. 


9. Adopting the Lagrangian plan of making the co-ordinates 
refer to the individual particles of the fluid, the following equations 


ean be easily established :— 








ag l: "rS id 
BA ap бе 10 " Ес. 
дг Ou 
8t 
zm - E | Е 
1+ 5 


where the symbols used have the same meaning as before. 
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10. Let b—b, and В, (1-5 ) ‚ во that the longitudinal 
a 
\ . 
section is a parabola given by h=h, 6-2) E 
From (1), putting? =z and neglecting the third order-terms we get 


8£]' 2 Ə Э.Г. ET . 
2 0 0. О) $E] : 








а? ӘӘ ау 95] — .O£ 
gh, 65 Oz [a КЕТ. 8: Oz L 
| _1 ð Bt 
пен 77 (3) 


Neglecting square terms in (3) we have 


‚ ota ‚84 
ГА $57 өз p 2E E 





Assuming that ooe ioa and айр o,?=n(n+1l gh, we have 
8 . P А a? 


9. [а-) Er +0. 


This has the solution £—CP,(:). where n is determined by’ the" ton- 


dition that é is finite when z=+1 whence we see that т is integral 


For any integral value of п, c, is given by o,?=n(n+1) gh | 
а 


Now: reverting to equation (3), assume: 


E СР, (ge ere P.G гв t, 
where А, is supposed small: so that its square can be neglected 

Substituting in (3)-and always neglecting A,* ete’, we-have 
2ic „Ё. 


—4n(n--1)EA,P,e 224 — SA ПР: 


_2C? OP, ð әз Р, 1 0,1 
а Os Oz [a i а: | ° 
2 BP; a- DESIT Qo, t 
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(2) +1 Therproblem of ‘theispheyfl , 


Consider the three ано 


2 1 8O + 
Wits Be = 
1 5'O. 
?X 
Y "tirs 8.8: y C 
^ à 1 9:5. 
УХ +1 BRR 


Multiplying by », у, 2, and adding we have 


[a V* X, -y V? X, -;V?X, 











or, 











1 ðt д - а \ 30 
X, +yX, +X, ee eal WS poem 
УХ. Бух, EX p (rtr, 8.) С 
_9( ХГ. OX, OX, ) = 
А 57 6y + 8; 0. 
Now since -— 
ox, OXy |, ӨХ, _ 
8-* Opt 05 
` we have *. 


VOX) p. $$ -9) 5 


Similarly we have 





ү (гҮ, Ож: a 927 ©) =0, f e (2) 


where 99 — © -is‘also a harmonie fuhetion. 
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The form of the equations exactly similar to the preceding 
equations. - V . MET 


(3) The sphere of radius a,*has given traetions X,, Y,, Z, 
* over the surface. "S 


Assuming ©=S0,, 


T : e 
where ©, is a solid homogeneous harmonie of the xth degree, 
rS е 2 
„20 
Or: 








also remembering that 


V?(r*—a*)F,-—2(2n--3)F,, where F, is a solid homogeneous 
harmonie of the ath degree, we see that the solutions of the equation 
(2) бап be'expressed in the form . | 


= (alan 90. +ах, ., 


ue = (1+0) ^ n+l 
PE zac а) OO» 

тҮ, = Ао) Tal (r a?) 6y +aY,., 
= Е 1 n=l и.о, дО, 

т, == ЗА о) 2 intl (о а”) “Oz TaZ,,, 


where X, ,, Y,,, Z,’,, are harmonie functions умер have given values 
over the surface of the sphere r=a, and hence are completely deter- 





mined. If : 
X,,=2X,, Y,,=3Y,, Zi, =, ; 

we have 

б-а) у nl 80, 
= ре) ga Be ӘХ" 
: m (r* —a?). n—1 860. 
Formes AIE) ^2n4l' “By: тоз 
(т#—а°) п—1 80, : 

Uic e es) тз e Oe 


The Stress-Equations of Equilibrium 


BY 


ЗАТУЕМОВАМАТН Basv. 
e 
[ Read April 6th, 1919. | 


It was shown by Mitchell that the six stress co-efficients in an 
isotropic medium satisfy six equations of the type:— 


These equations however have not been used for solving~the 
general problems of Elasticity. It is shown here, that the equations 
сап be successfully integrated, in“ the..case of a` semi-infinite body 
bounded by a plane. In the case of the sphere the equations can be 
conveniently transformed, in a different form, whigh then admit of 
integration in an infinite series of spherical harmonies. 


(1) The semi-infinite solid bounded by z=0. 


The surface ‘tractions X., Y., Z.; are supposed to have given 
values over the plane z=0. 7 


Consider the equations 


0 8*'O-5 vw. 1^05*0 
a = - = 
Ра а. 





1 670 
?Y.4 = =0. 
мы 1+0" буд: 
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Sinee © is a harmonie funetion NUS solution ean be written 

















as 
dece Е) ý PERS 
т. = тєр бр he | а) 
буте Iro) i Heo ‚ 


where X,,, Ү.„, Z.., are harmonie functions ‘which have given 
values X,, Ү,, Z,, over the plane 2—0. 


The- functions are’ therefore uniquely "determined; they are in 


fact :— . E 
: E . 3 
i 5 
_ 1 868 _ 1 ð Y, 
Х.. = 5; 5: | = dedy, У., = Е тч | —. dedy, 
1 Z, 
Zig = 5 £M om 
also since | 








яд. $ Oy Яд: 


we have from (1) 








where 
: Чет. 
L= “ре : аду; M= «f азу; N= Af d dy, 


l+o 8L ,9M ƏN 
Ое астау з Ax). 


and 





Thus X,, Y,, Z,, ©, are all determined, 


The solution may be afterwards completed yand ` 107, V, W found 
out as in Cerrutti's method. 
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` Again 
ə NE of... 
550) ше д ð ae 
=| 9X., OX , әх, ӘҮ. 
"Lae * бу * 8; 1% TX mo 











OZ, , OL, , ðZ, Е 
+a | anf ae ы 5 Sides 


it follows that 


= п—1 80, до, , 90, 
O=- Gra 3 s) [= +y "eg >” | 











+оз( 5: OX + os + өл.) 





8 9: 
or 
Lodo зо ӘХ, , ӘҮ, | ƏZ, 
o=- П, 2 ER ©. GF + ду 87 
So that 
(1-0) (Q2n+1)+n(n—1) J] 
xo. [ 55 bes =o 
where 
8X, Y. 82.4 
Sem “Oe. х Oy. га д: ^ 
So that 
a(9n.-- 1) (1--o) s 


Y 





O= аб" 


Thus X,, Y,, Z,, ©, are all determined in terms of the known 
value of X,, Y,, Z, on the surface. ` 


рана 


vie 
THEORY AND «Applications or Finite Grours—By Prors. G. A. 
Мил, Н. Е. Buicurerpr anp L. E. Dicxson. New York, 
Wiley, 1916. 8vo. Pp. .vii--9890. Price 17s. net. 


We thankfully acknowledge presentation of a copy of the above 
work by Prof. G. A. Miller for review in the Bulletin of the Caleutta 
Mathematical Society. As the book has been in the hands of the 
mathematical public for some time and has teen widely reviewed in 
Mathematical and Scientific Periodicals already we do not think it 
would be useful to repeat a general summary of its contents here. 
The introduction to the book gives an unusually clear insight into 
the up-to-date features of the work and explains the way in which the 
work has been divided between the three distinguished authors. 


Professor G. A. Miller has done much to advance and popularize 
the study of group theory among English-knowing students. His 
efforts in this connection are comparable with those of his distin- 
guished compatriot Professor G. B. Halsted in a different direction. 
But for Professor G. B. Halsted it is doubtful if the study of non- 
Euclidean geometry among English-knowing people would have 
attained the degree of progress and popularity it has acquired to-day. 
The present work by Professor G. A. Miller and his two learned 
colleagues has therefore been not quite unexpected. 


The English student of the general theory of finite groups has 
had to depend mainly оп two text-books, namely those by Professors 
Burnside and Hilton. Professor Burnside's classital work is hardly 
suitable for the beginner in the study of this very difficult subject. 
Professor Hilton's work 18 more suitable to the beginner and is almost 
indispensable to him at present. It conta\ns an admirable series of 
examples after each artiele which serve the double purpose of testing 
аз well as leading the learner. It suffers however from over-conden- 
sation and is more of the nature of a compendium of factg and for- 
mule than a lucid exposition of the subject. The present work by 
three eminent experts has therefore met a necessity. 


The proper exposition of a growing body of doctrines, highly 
abstraet in their nature, whieh have engrafted themselves on almost 
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tical knowledge is by no means а 
srything even in a general way 
readable text-book is to eourt 
he present authors have wisely 


every stock of concrete mathe 
light task. To attempt to place e 
into the limited compass of a singl 
over-eondensation and obscur 
limited themselves to a number of simple illustrations of general 
principles, to the treatment of a number of elassie theorems from up- 
to-date points of view, to the applications to а number of classie 
problems in a simple and elegant way and to the inclusion of one or 
two interesting results recently arri®ed at on their side of the Atlantic. 
Yet nowhere any special knowledge of mathematics has been pre- 
supposed. Professor Miller has followed a simple and elegant style, 
which is natural to him and which has been well maintained by his 
two learned colleagues. In the present work the student of the theory 
of groups will find an interesting companion to which he may revert 
profitably on occasions when the older and heavier text-books confuse 
or bore him. It seems to bein the contemplation of the authors to 
judge from the newly published Finite Collineative Groups by Professor 
Blichfeldt to issue a number of text-books on special topics of the 
theory of groups with single authorship in order to supplement this 
introductory text-book of joint authorship. 

The work has been aptly dedicated to C. Jordan from whose 
fundamental investigations and lucid expositions the authors claim to 
have drawn inspiration. It is a worthy outcome of the Traite des 
Substitutions. 


S. M. 


Rt. Hon. Lord Rayleigh, O.M., Е.Р S. 


The Members of the Caleutta Mathematieal Society received with 
deep regret the news of the death of the Rt. Hon. Lord Rayleigh, who 
was an Honorary Member of the Society since its foundation and took 
considerable interest in its work. They feel equally with the rest of 
the scientific world the severe loss which science has sustained by the 
death of this leader of scientific thought for the last forty years. To 
several Indian workers, his death would have come as a personal loss, 
for not a few of them have received personal encouragement from 
him. His writings have proved and will long continue to be a source 
of inspiration to many. It is perhaps fitting here to recall the fact 
that this world-renowned scientist visited India some years ago and 
inspeeted some of our educational institutions. 


‘Asepunog 8111221) |р Е Aq $э8еш| |e213do Jo uotpjeui10j sy. 8411241$п|| | 
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On à special ѕдоаҝ ү matrix of order six 


BY 
C. E. Cutts : . 


[Read March 5rd, 1918] 


Summary.—The matrix ф defined i$ equation (2) is one which ocems very 
frequently. Its rank and its reciprocal ure determined in Art. 1. The remaining 
articles contain illustrations of its use. L^ Arts 4 and 5 the stress-strain relations 
gissuming the existence of a stiain-energy 
function, the general argument being а simplitication of that contained in Chapter 


VI of Love's Elasticity. 


of an isotropic body are determined withu 


|. Homogencous hear transformations of the variables in the 
тайа i 
[4?. y?, 22, ys, ze, vy]. 


Tt we use the notations 


‚ф==[або],,»»› A =det $-—(abc), sy an (1) 


2 2 2 р Й р 
а, 0%, ei, 2h,¢,, 2e,a,, 2a,b, 
a2, 02, ci, 2b,c,. 26,4,, 24.6. 
1 = 
» аз. 63, 05, 2b,6,, 20,03,  2a,b, | 
pee]. = us (2) 
Baths, Dabas 0504, 00, 0,03, 0,04 +030, gb, -- a,b, 
азау, 6301, 636), 036, +663, Cot, HO, 45, аз, Һа, 





8,05, bibs: 0,0,, b e, 0,61, cua, + са... +9, 





and apply to the variables а. y, z tha transformation 


а а, dy, с: 
у |=| Ga: bas Co .. (А) 
z Gy, 63, Cs 2 


D— Je nari 


we obtain 


[2?, у, 2°, уз, ге, oy]m [Xt Y°. 7°, YZ, ZX, XY] e . — .. (8) 
У: J oe "TS 5 
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When c,=Aa,+pb,, с, =Лажиб., с, =Аа, Hubs, the minor of) °, 
formed with its lst, 5th and 6& vertical rows becomes degenerate, 
and consequently all simple mino determinants of that minor matrix 
are divisible by A. In fact th cted minor determinants of y 
of order 3 belonging to tha , when arranged according to the - 
scheme 


* (128, 156, 146, 145, 256, 246, 245, 356, 346, 345, 
456, 234, 235, 236, 134, 135, 136, 124, 125, 126), 
form the matrix ! e | 
аа в. Кад в за, ааа 44 *05,—0,05?, 
—44,0,?, a@,° a,0,0,, 0,—2a0,0,?, 2a,*a,, 2a,a,7, 0, а, ?а,, Зала» ?, 
—2a,?a,, 0], ; Я S. (4) 


and the co-factors in y of these respective determinants form the 
matrix a 


ааа, ааа, 
—ÀA,A,,—A,A,*, As’, ЗА,А,А,, (A,A, АТА», ALAS", 0, 
A,* A,, A,A% mA, An, 0], а. C Heel 
where [АВО], 23 is the РИТ of [abc], аз. Hence by expanding the 
determinant [e]; in terms of the minor determinants of order 3 


belonging to the 15, 5th and 6th vertical rows, we see that 
i 6. | м 
[e], =4её у= A*. ... (5) 


lt follows that у is undegenerate or degenerate according as ф is 
undegenerate or degenerate. 


It is easily seen in a similar way that when ф is degenerate, every 
vertical minor of y «formed with four vertical rows is degenerate, and 
therefore the rank of у cannot exceed 3. It then follows from (4^) that 
when $ has rank 2, the matrix y has rank 3. 16 із moreover obvious 
that when ¢ has rank 1 or 0, the matrix у has the same rank. Therefore 
the rank of y depends n. the rank of $ in the way shown in the 
following scheme. 2 ERE 3 






Rank of $ Г 





рә a | af iiaae, 


Rank of y 6 |3 | 1 0 
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и. № 


Again if [АВО], ,, is the reciprocal Jf boe Less and if we write 


| vf дилу "> | 
А, ?, B,*, С,°, j B,C,, ° C,A,, t A,B, 
85°, B,?, C,*, В,С,, С,А,, . А.В, 
А„°, B,?, 05 B,C,, О.А,, A,B, 


2А,А,, 2B,B,, 20,C,, B,C, +0,С,, C,A,+C,A,, A,B, +A,B, 
- |2A,A,, 2B,B,, 20,С,, B,C, +B,C,, CsA, +С,А,, А,В, +А,В, 
2A,A,, 2B,B,, 2C,C,, B,C,+B,C,, С.А, +0,A,, A,B, +А,В, 


, @) 





we see by direct multiplication that 
- б - 8 
А в pe Глб e P 
BETSEY saD: С 
and this shows that Е E 
the reciprocal of (e); is Аз [E]. 
When A #0, we deduce from (А) the inverse transformation 
X К 
А| Ү | = y nor (A' ) 
Z 2 
from which it follows that x `. =“ 6f 


A?. [X5, Уз, 2°, YZ, ZX, ХУ] =[4*, y?, z^, ya, zæ, ту]. [E]", (3) 


as cee ае been deduced from (3) by poena 






[E]; on both sides. 


NorE.—When ф is ани and 


u Ae, Аз ау, bis 0, 


А 
-B,, Ba, B, | is the inverse of | a., ba, c, 
с C 


аз, dy, Cy 


= 8 Fy a НЫЕ, — 
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the matrix Y defined by (2') is the inve 
two mutually inverse transformations 


а a, b, б, 
у |=| as, b. c, 
z а, 05, €, 
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lead to the two mutually inverse transformations 


[2°, y?, 22, yz, 2m, ву] =[Х? 


e à 
‚ Уз; Z5, YZ, ZX, XY]. 


of the matrix y defined by (2), and the 


А., А; а j- 
Ba, 3 y 
€, О, & 

mmg 

е , 

W416 


[X?, Y*, 72, YZ, ZX, XY,] = (o5, у", 2%, yz, ev, ey). (E],- 


2. Rank of the matriz 


M. mf y, = 


where (ry, уу, zs (Ha, Yar 


s5 Yat, 
з 6, 
°, ya? 
Ao ме) 


Zah e 


Yita 


1 3 

545 Vasto: 
23°, Ys? a> 
24°, 424, 


Ge", y. ys 


£191, 
Zg "oy 
Zata, 
Za ay 


2575, 


(eas Ys. 25) are the (projective) 
co-ordinates of five distinct points Ру, Pa, ..P, т homogeneous 2-way space. 


If a point P has co-ordinates (a, y, z) with respect to one triangle of 
reference, and co-ordinates (X, Y, Z) with respect to any other triangle 
of reference, there exists a transformation of the form (A) in which 


А-0, and we have" 


Flay Df OY, 7) fe", 


where '& is undegengrate. We conclude that the rank of М, is 


--6 





the same 
. 


er the triangle of reference may be. 


If all the five points P,, P,,..P, are collinear, we can take the 
straight line on which they lie to be the side v—0 ofthe triangle 


of reference, and P, 


and P, to be corners of the triangle of 


reference, and suppose the -co-ordinates of P,, P,,...P, to be (0, 5, 03, 
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* (0, 0, с), (0, B, y» (0, Ba, Yes fi ys when b, с, By Bas Bs, Yu 


Yas Ys, ave all different from 0. Тп М, Ваз same rank as 


è, 0, Ат, 8,* 


0, с, n^ yis 
0, 0, В,у,, Boys Bs¥s 


Thus in this case М, has rank 3, * 

If four but not five of the points P,, P,,...P, are collinear, we 
can choose the triangle of reference so that their co-ordinates are 
(а, 0, 0), (0, b, 0), (0, 0, о), (0, В,, у,), (O, Bas Y2), where each letter 
denotes a non-zero quantity. Then М, has the same rank as 


а?, 0, 0, 0, 0 
0,57, 0, B,*, B, 
0, 0, с, wy? Ye? 
0, 0, 0, В,у,, Bore 


—! 


Thus in this ease М, has rank 4. 

If three but not four of the points P,, P,,...P, are collinear, 
we can choose the triangle of reference so that their co-ordinates are 
(a, 0, 0), (0, b, 0), (0, 0, с), (0, В, 7), (59. г), where a, b, c, В, у. г are 
non-zero quantities, and y and z are not both zero. Then М, has 


the same rank as the matrix 


а, 0, 0, 0, 0, 


0 
0, 0 

9 0, в, 0 0, 0 

0, В”, y^ Ву, 0 0 

н, 1°, 2%, YZ, 24, \_ 

X Е . 

which is 4 plus the rank of [:,y], Thus in this case M, has 
rank 5. | | | 


If no three of the points P,, Р,,...Р, are collinear, we can 
choose the triangle of reference so that their co-ordinates are (а, 0, 0), 


| “~. 
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(0, b, 0), (0, 0, с), (а,, В,, ут), (А, B. у»), where each letter denotes e 
а non-zero quantity. Then М, ha&the same rank as the matrix 


0, 0, .e? , 0, А 0, 0 


a,*, Bi, yu, Bayar уа, GP, 





e. 
a,*, B,*, Ya” Boys; Уза, а, В, 


е . . 


Ж ПЕЛЕ : " А В. уз, Үл» а, В, 
Since the simple minor determinants of the matrix : 
| BsYss Yat а, В. 


—. à — 


cannot all vanish, we see that in this саве-М ,.Ваз rank 5. 


Thus in all cases the rank-of the matrix f (т, у. 2) is given by 
the following seheme 





i j die А 
т, 
Ma imum, number of collinear paints | 2 |- 3 4 5] - 
„Rank of М. 5 5 4 3 





e 
Nore l.—For the matrix М, = 


» we have the following schemg. | un 


-— 


«| Maximum number оў. collinear points 2] 3 4 


E 





` 








Rank of M, 4 4 3 
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^. Note 2.— The rank of the matris / B. АА noy 
RU DA 


d i ps E А А E E. жеб а! СТАВ 


5.2 E 2 ; : DES Sod 
81, Wi, as Дуу, Фуйү, ИУ: Е ре Мыр 339% 


037, Уз, 2: Уз з, 230, ЯзУз 


is always 3, when the three points Pas Pos P, are distinct. 
: : T 


3. Quadric curve-or. curves through fwe given points in homogene- 
ous 2-way space. ` | ° | | | 
16. Pi p P. are five distinct given points: whose (Бројно) 
куй ай are (жу, Yar 21), C'as Yas 22)... (25, Ув, ©), then | 
ae? Буз +e? --2fyz + 29:5, +21 у=0 


will be a quadric curve passing through them if and only if the 
matrix of the co-efficients satisfies the equation 


— = — — 


a ` =. X Js 


Я wi*, 012, 2:3, 24.2, ug, Quy, 
> 2 wor OS 
227, Ya? 23°. Ду„г„, Baty, Boys 
£ a 
ч 
М. =0, where М=| #57, у. z,*, 20,23, 2:30,, зу. |. 


oH, 


2 з „з Oy. ‹ | 
a, y,*, 247, Ysy, 22,01, 2 e.g. 


© 


"n 2 са ; А 
Us". Ys s 28 2yszs. 225 Us, 2%, Уз 


`- — = — — 


By article 2 the possible ranks of М are 5, 4 and 3 ;. and ‘therefore 
the number. of unconnected non-zero solutions of the equation is 
either 1 or 2 or 3. If we disregard the quadric curve of rank 0, 
we see that : | - 


(1) There is always at least one quadric curve passing though the 
5 points. | 

(2) Except when 4 of the -points are collinear, there is only one 
quadric curve passing through the 5 points. 

(3) When 4 of the points are collinear, but not all 5 of them, 
there are exactly two unconnected quadric curves passing through 
the 5 points. E 

(4) When all 5 of the points are collinear, there are three and only 
three unconnected quadric curves passing through the-5 points. — : - - 
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In case (3) а quadrie curve (hrough the 5 points consists of the 
straight line on which 4 of the points lie and a straight line 
passing through the othér point. In case (4) a quadrie curve 
through the 5 -points consists of the straight line on which the 5 
points lie and one other straight line? 


. Nore.—Conie or conics through five given coplanar points in common 8-way space, | 


The foregoing results are of ‘course true when (281, V 21), (02, Yor Zeh (25, 
Уз, в) are the projective «o-ordinates of five distinct given coplanar points with 
respect to a reference framework lying* in their plane,- the quadrie curves being 
now conics. The points nt infinity may as usual be taken tò ‘be those for 
which | 2—0 ;' and: some or all the given-points may Tie on the Tine а ‘infinity: The р 
5 given points determine a, conic uniquely except when 4 of them ure collinear, 


4. The siress-sirain relations for an isotr opic solid. 


Бай any body, such as a sólid, which is. slightly strained 


from a state of zero stress. With the usual notations for thé. | 


components of strain and stress with reference to rectangular axes 
(OX, 2r 07) let | 


— i i 1 
p е, езу €43 ©», es ]-—1e: =, Ву, Cres 3 Cyr, ббт:д› 5 Bis]; 


[E,, E,, E,, Е, E,, E,]-[X.. Y, 2,,Y,, 2..Х,}; 


- and let the stress-strain selations-for those axes of co-ordinates be 
E = 61° Ma 2 
E, — e, 2, e (7) 


Let (ОХ, ОУ, OZ/) be any other set of rectangular axes 
` through О, the direction-césines of OX’, OY’, OZ with reference 
to the axes (OX, OY, OZ) being vespsctively (l, m,, юу), 
C las Mas т. ),( les Ma, n, ) When this second set of co-ordinate 
axes is used, let e,, ез,...е,, H,, E,,..E, be replaced by e,', e,’, 
slah Hy’, E,',...E,', and let the stress-strain relations be 
. - qr 
E : m =Z 2 we (7) 


Then the body is isotropic ‘(in-its unstrained state) if and only if 


(eV = [e]; 


e 


for all choices of the second set of axes. . К 


"= CU MW 


Dl, m,m4, тту, тп, msn,, 


lalis MaMy, ngn,, Men, тп, 
ey 





lila, m,m,, n,n,, тт. тт, 
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. Now if : "ES хе 
few BEE He ET ККА Мы UR s rco ET aL Toner s 
| p mit NE > "Yel. TANS Sèm, 
‚Һ*, Qm, m, Sm,n,, 2n,l,, 21,m, 
1,3, ms*, PO тт, 2 2n,l,, , lm, 
"$ А Hd - E 


nal, +n,l,, lm, tlam, 
Maly Tus, lm, 4-71 тз 


nl, nl, lm, lm, 


21,1, 
2m m, 


2nsn,, 


nl, Tn, 


2mm, 


тт, 


s; : 
My, Mag, Mes, Mong Ат, т: Чт, Mng т.п, 


nila Faal, 


1 


kd 


lim, laMa, тз, тут» man, Lm, +l,ms, Lm, lum, 


2 2 | 
1%, h^ dS, 21,15, 
m,*, Ma”, Mz’, Эт May 
3 2 , 2 
- r6 я, Me", Ms", 2n sis, 
О = - 
LH, 
fal, Male, 9313 Ms, mans, 
| 
we have : ae 


М 6 тв — 
ые 2" =F" [a] [0]? 


i.e. [o]; 


stress components are 


pM сл W — 6 тт 
T = ыр е, и = l Е. 


From (7) and (9) it follows that ` — .- 


6 Log 


eee 


— rons E es | " гб 
з E =], (8 е ‚сте. [0], = [0], fel) 0, - 
и : 


— 


(8) 


and [о] are two mutually inverse undegenerate square 


` matrices; and the formulae for the transformation of sirain and 


>. 


tu "LEN 
„А y "E EACH 


E 
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Thus the body is isotropic if and only if we always have 


[е], 1° © =[], .. (0) 
te. ‚ fo}? [е], =[е}, [w]* sc (107) 


however the axes (OX', OY’, OZ’) are chosen. 


First let the new axes be formed by merely reversing the axis of æ. 
Then we have 


гро р he у 
[e 3 ёз, езу Oy, е5, Cg 1==([е;, ез, ёз, 845 —6,,—64], 


[E,", E,', E,', By’, E, E,']- [E;, E,, E,, E,,—E,,—E,]. 


In this case [0]? is formed by changing the signs of the first 
6 - 
four elements in the last two vertical rows and the last two hori- 
. zontal rows of [c]; and the equation [e]; = [4° requires that all 
those 16 elements shall vanish. From this result and the similar 
results obtained by reversing thé axes of y and z, we see that it is a 
necessary condition for isotropy that [c]; must have the form 








[^ 3:8 К, 0 0 
е, 
[е] = Е , where [к] = 0 k, 0|. ... (11) 
— lass 0 0 ks 
If we give it this form, and write 
: tan —(39 3 
и, p 
[o], = wi (12) 
qv 
е, — 838 


the necessary and sufficient conditions (10") can be replaced by 


Р 418, Cet, . (13) 


(eS [E]; [4]; [9], he А) 
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(27.18); = Ри E p .. (15) 
[a]; e] ==[Е] [a]; Е .. 06) 


where [и], (0), [2], [415 have the values shown by (8  From(14) it 
follows at once that another necessary condition is k, =k, =k, ; and we 


can therefore write о 


k, =k, =k, Spe 


Next let the new axes (OX', OY', OZ’) be formed by turning the 
axes (OX, OY, OZ) through any angle 0 about OZ, so that 


Qj т, «m, cos 9, sin 0, 0 
lay т, п, |=|—sin 0, cos 0, 0 


US ту, ng > 0, 0, 1 


Then the necessary equation (13) is 


E — — — 





cos?0, sin?Ó, O в: Cla Ca 
81120, cos?6, 0 Co, Cog Cog 
LI 
| 0, _ 0, 1 „Ёз 632 C33 
EL _| — >. 
е. 
Сур бүг Cis cos?6, sin?0, 0 
=| 6, Ces Cos sin?@, cos?6, O |, 
Са Csa Css 0, 0, 1 


and this equation is satisfied for all values of 6 if and only if 


Cai ™=C ias Cai =Cgq, Cir Сао. 
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From this result and the correspdnding results obtained from rotations 
about OX, OY, we see that it must be possible to write 


15 


бб: 7054 7—0, 377013 =0 EÀ, 0,4 7204 4 70, 4 SÀ Fp, 


and.that the condition (13) is then always satisfied. 


' Finally the conditions a5) end а) are satisfied when ad: aay 
when 


p=p. 


"Thus the necessary and sufficient condition for isotropy in the 
unstrained state is that [er Shall have the form | 


— 


M АА 0 0, 


[elt = 


td 
> 
+ 
Е 
e 
о с o 
о o o O о 


e 
o 
o 
© 
© 
= 


When we replace p by 2p, and write e,,+e,,+¢e,,=A, the 
corresponding stress-strain relations are ў 
X,—ÀA +2. елау Y, =A +2. бух, И. —XA t ре... 


У. = ие, ., Zz = ме, 2; * К,=не„,. 


5. The stress-strain relations for amy isotropic body. 


If, as must be the case when the body is not a solid, the 
unstrained state is not one of zero stress, we must replace (7) by 


— —631 


P «i 
= zb Sie s .. (18) 
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and (10°) by 
— —(031 — — $31 — -- —1931 (— —14831 - 
о, с, d с, о, 0 
| zl. 20 (09) 
0, 1 0, 1 0 11 10, 1 
МТУ — 61 77 — 61 d “б, 77 651 


The conditions that the body shall be isotropic in the unstrained 
state are the same as before together with the additional condition 


[в] [2]; = „. (20) 
Considering the three particular casesin which the direction of one 


of the three axes of co-ordinates is merely reversed, we see from 
(20) that we must have 


d, , d; , —d,, —0, .. (21) 
and these values reduce (20) to 
[н], (d); =a]; 0—(2]; [а], .. (28, 


Considering the cases of rotations about OX, OY, OZ, wesee that 
the first of the conditions (22) can only be satisfied when we can write 


d,,=d,,=d,,=—p, 


and then both conditions are always satisfied, 


Thus any slightly strained body whatever is isotropic in the 
unstrained state if and only if the stress-strain relations are 








X. 4-2, № һ 0, 0, 0, —р x 
Y, A, Ар, X 0, 0, 0, —p Ыш; 
7, À, à Ad, 0, 0, 0, —р ч 
ge 0, 0, 0 m 0, 0 0 at. 
7. 0, 0, Oo O m Oo 0 id 
X 0, 0, 0 0o 0 m 0 ен 
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or 
X,—AÀA-2pe,.—p, Y,=AA+2ne,,—p, Z.=AA+2p е,.- р, 


Y,=p е,:, Zip £i. X,=p zy: 


On the formation of optical imagés by 
diffracting boundary. 


[With a Plate] 


BY 


BHUPENDRA „CHANDRA Das. 
[Read January 26th, 1919.] 


In a recent paper? published in the Philosophical Magazine, Prof. 
Banevji has noticed that if a cirenlar aperture placed in front of 
а lens is illuminated by а point source of light and if а small screen is 
placed in the focal plane so as to cut off the entire geometrical cone of 
rays, & bright image of the source may be traced along the axis behind 
the séreen and for a considerable distance beyond. As remarked by him, 
this phenomenon is somewhat analogous to that observed by Porter? 
and Hufford? almost simultaneously, namely, that, the rays diffracted 
by a circular disk can form an optical image of the source along 
the axis of symmetry, but differs from it, as in this case the image 
is formed "by the rays diffracted by the boundary of a circular aperture. 
At the suggestion of Prof. Banerji I undertook a detailed study 
of this phenomenon and have succeeded in obtaining a mathematical 
theory. While carrying out the experiment, 1 have observed that 
the central bright spot is surrounded by two sets of alternately 
bright and dark rings, the outer set being at a considerable distance 
apart from the inner one. A large- number of very faint rings 
may also be observed in the space" between the first set of rings 
and the second,- but not between the firsteset of rings and 
the bright spot, which region is marked by almost complete 
darkness. It appears that the configuration of the outer set of rings 
depends to a considerable extent on the form of the screen placed 


1, Banerji, “On- the radiation. of light froni the bouiidaries of diffracting 
apertures,” Phil. Mag., vol. xxxvii., Jan. 1919. 

2 Porter, “On the formation of images by means of ati opaque disk/" Phi, 
Mag., vol. xxvii, p- 678 (1914). , 

^ Hufford, “Some new diffraction Votos ihi Phys Rev. vol. III, Ser. 2, 

p 241 (1914). - . 5 


be 


t 
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in the focal plane. These rings undergo modification if ‘the screen 
ила “the "focal: "plane tbe» Sitter 7 displaced: ‘én! ‘meplazed „Ву one’ having 


.& different boundary. Tigures’ I and Из the plate illustrate the - 


phenomenon observed with a circular diffracting aperture illiminated 
by a strong beam of light allowed.to pass through a circular pin 
hole. The central bright spot has a circular shape in these 
.photographs, The formation of optical images by a circular diffracting 
boundary illuminated by a non-circular point source of light is 
illustrated in figure ПП. In this photograph the source is triangular and 
the central bright spot will be noticed to have also a triangular shape. 
In any case the image is found to closely follow the form of the source. 


Let r be the radius of the circular aperture of a lens L which 
is illuminated by a point source of light O and let the beam 
converge to a focus F at a distance b from the aperture. Let the 
light at the focal plane be cut off by means of an opaque circular 
disk of small radius (,. For the sake of giving definiteness to 
the problem, we shall impose an upper limit to б, say ¢,, that 
is to say, we shall suppose the diffracted rays to pass through an 
annular opening in the focal plane. 


+ 


The disturbance at any point P (Z $), in the focal plane is known 


to be 
sd (Ft) sin né, 
| 4 


where К is a constant and т= A А being the wave length of 





light, 


The disturbance at any point Q, distant ш from the axis, ona 
screen S placed at any distance с behind the focal plane can be 
regarded as due to the diffracted rays which pass through the annulas, 


Now if R be the distance of Q from P, then 
R? =(¢ cos $—2)? +2? sin? $-Fc* 
=f? —2fe cos p+ 02 +02. 
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The effect at Q due to an elementary disturbance at P is, by 
Huyghen's principle, equal to 


mr 2) 2 
WOOD ) I 
tdt d$ К т О? 7 sin (n4 R—n£). 


Hence the total disturbance at Q is given by 
amet = 
= ( | A J, ( = t) sin (mR—nl) 46. 
0 A 


If the opening be small, aid Q is very near the axis we may 
substitute 1 for = and the expression for the total disturbance 


becomes 
2r 27 
x (^ (x = AC) sin (mB—nt) 444$. 
0 t 


Since æ and £ are very small campared to b or с, we have, on 
extracting the square root and neglecting terms of the higher order, 


id 
. Ф . 
Putting т ( c+ 5- Jom we ean write 
х zc 


v= E [С sin w+ Scoso], ` ` we (i) 
where 
2" j Р 
aos] j nm £) cos "s ™ t cos $ ) Фф, 
0 
2, n 


bi 


s=] | J, (= ав 2 sin ( = mg? a "о $) dtd. 
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On integrating with réspect to ф we easily get 


(opo * 
E j| db T ШР 
oes || 7, (AD) 3,050 bos ( 5 ae?) des Gi) 
£ ` : 
g= 2t J, (AD J.(BO (2 сы) at (ii) 
a | LO 
where т 
а аа A 


Е, 


We now proceed to evaluate these integrals. Integrating by parts, 
without putting in the limits for the present, we obtain 


| 7,440 3, (BO 008 ( 5 м") абже» ( 5 a) E (AD J, (BO dé 


ar sin (5 ме) | 7, (AD J, (BO dt dt. rods) 


Now remembering the formulae 


( | 
a" Ja- (2) dea" J, (в), 


| e (б) 
Г i = -1a 0, | 


we get 


| J, (AD 7, (BO at = > | 7. D ву, (BO d (BD 





= мы ВЕЛ (BO + "a (AD ‘BEI, (ВО dé 
NX J, (AD 
—g J, (A£) J, O+ d 





tape (80° 4 BO а (0 
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. &ud by successive application of (v) this becomes finally 


ad А? 
=ils Ji (AQT, (BD + Е J, (AQ J, (BE) 


i Аз ЖЕ 
: -+5 Js (403, (Bb... |. 


On substitution of the above, the second term of the right hand 
side of (iv) becomes 


| tj вл GOT, G0 + в; 4 GOJ BO > 


H = J; (40 J; (BO+ gi sin (duc?) d£ 


= sin-(3u£*) | es J, (AQ) J, (BO) + 5 ie (AQ) Л, (BE) 
+ =] dt 


Zi au («[$ J, (AQ J, (ВО 


Н 


E: A? 
5 2, (Ар Т, (80^. | dt. dt. 


aA 
ь 


4 > 
Again, proceeding as in the previous case, Е 


I (ANT, во at= $[g AAD I G0 
s TDI. (0+... |, 


B? 


A? _ Г A? 
A CFF 003, BOM | si 1, (Абл, 9+. | 
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IHE J, (AQ) J, (BD) + : J, (AD J, (BO) +... | dt 


ЕГА 
-iA 7, (A402, (BO +2 А5 у, (40 3, (BD) 


- Аз Р 
+355 J, (ADI, (BE) +... | 


Proceeding to perform the integrations in this way we finally arrive at 
the result, 

" pe 2 
| ‚ (AD 7, (ВО -cos Зы) df= ү cos (фи) [D ( ) D 


ООБА 


where 


=й (0 (BE) + ор, ; J, (AQ 2, (ВО 


+5; J, (AD J, BO+.. 


D, =A‘, (Ай J, (ВО 2.5; 2, (40 J, (BO 


43 5, J, (A0 J, (ВО)... 


ю,=® 3, 0 3, 8043 А; 1, (А) 2, BD 


+6 т J, (AC) J, (BD) +... 
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If we put 


м=р, — (&) EO (&) "ODE toon 
N= (5) D, - (#) "Ds. 


we can write, 
2r bs 
cz? [м cos( 3p?) +N sinat?) | | 
1 


and exaetly in the same way, 


<, 
8= 2 [м sin(ipl?)—N cos ан) ] t 


The terms here are expressed in ascending powers of s and 5 “and 


the results therefore hold good only when these are less than unity, 
in whielr case the series are all convergent, Near the axis however, 
where we require our results to hold good, x is very small and so also 
is B and thus А is very large. We shall in these cases have to express 


B 
our results in a series of A. It is easy to do this by the previous 


method, provided we note that in evaluating the integrals like 
[J;CADJ,(BOd£ by parts, we shall have to integrate J,(ÀZ) and 
differentiate J, (B) instead of the reverse method adopted in the 
previous case. The final result can be written in the form 


m 


А 
O= Z [-Р оов) sinut) | К 


s- 2 E sin (204%) +Q soo] 


where 


Р=Е =E) Е, + в... 
Q= (=) E,— (&) poe 
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and 


2 


B, J (ADI (BO +È IAD I, (BO + 3-9, (ADI (BD + 
E, = 7, (A0 3, (BQ:-2 2, (40) 2 (0-3 5.3, (A03, (BD +.: 


Е, =, (AD J (BO +B 2, (427, (ВО+6 P5 7, (A02, (BO +... 


ete, | = 
If I denote the intensity of illumination, then zz b 
І= 08+ 8 


The only quantity involving s is В which is—j vr, and to discuss the 
maxima or minima on the axis where г=0, we are to remember that, 


Lt. Jg(w)-—l, J(= J,C0)m ... =0. 
x—>0 2—90 -a—>0 ` 


We now easily get, 


E, = (Аб, E, = J,(AD, E, = J (Ab) ete... 
0—0 ,. —>0 a—>0 | 


“Өл 9. Өз 


Also since 


CJ, (а) = +, - > 
#—>0 у . 


. 
we get оп a second differentiation and substitution of #=0, 





э 


ть. OCE разда А4 Е, 
КА 





a—>0 Da’ —>0 
Lt. a =- , 
2—>0 O? а 0, 
6°E : 
Lt. 2 — ти E ; 
—>0 Өз? & 0 
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E Зе а а, 
= а. o TAE (e d А «us 
3 
пра (D n= (B) dos 
hoc p E 





ӘР ne —t 273 
= Po re 978 
ANGE | „—50 a—>0 Ow 0 а) 


Dancing the values of 
т [FP eost?) Q sinnte) | 


by C, and C, when б, and £, respectively are substituted for б, and 


the corresponding values of 


3e розн) cost?) ] 


by S, and 8, we get 








a—»0 ©“ —>0 
ET nue d xri a 
= d e [(0,—0,)(*0,—4,*0,) 


paN 
+(3,-8,) (6,75, -658,)]. 
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. The intensity is maximum for all points on the axis provided 


T , when :=0, is negative. It will appear from the above expression 
that this quantity is negative when (,+=5, and will continue to remain 
negative even when £, and £, differ from each other. The exact stage 
ab which the expression may change from negative io a positive value 
will depend on the actual magnitudes of C,, C, and S,, S,. This 
gives а qualitative explanation of the formation of images behind the 


Screen. 
• 


The author has much pleasure in acknowledging the help which he 
has received from Prof. S. К. Banerji in the preparation of this paper. 


On Joachimsthal's Attraction Problem 


БҮ. 


e 


SASINDRA CEANDRA DHAR 
[Read March 9th, 1919] 


l., Given the total attraction at any point due to an infinite 
homogeneous rod as an arbitrary function of the perpendicular 
distance of the point, Joachimsthal’s problem‘! consists in 
determining the law of attraction. Assuming that the law of force 
is y (r), Joachimsthal succeeded in solving the problem for the 
ease when y (7) is expansible in a series of negative powers of 
r. In the present paper, I have shown that the problem can 
be solved without making this assumption. I have also given the 
solution of an allied problem which involves the determination of 
the law of density in an infinite rod, when the total attraction 
at any point is given as an arbitrary function of the perpendicular 
distance of the point from the rod, the law of force being the 
Newtonian Law. ` 

9. The problem as given by Joachimsthal ? is the following :— 

The elements of an infinitely long and homogeneous rod AB 
attracts the point О whose distance from the rod is 2, according 
to an unknown function of 7, Ze. wv (ғ). То find this function, 
if by observation, the total attraction along the perpendicular OM 
is known to be. F (4), where OM = 0. 

If, for the sake of simplicity, the mass of the particle О, the 
density of the rod and the constant of attraction be taken equal to 
unity, then the attraction along OP due to ап" element di at P 


on the rod (MP=2) is 
y (r) di, 


and its resolved part along OM is 
у (r) cos 6 dt, 
9 being the angle МОР. - UN 


1 Joachimsthal: Crelle’s Journal. Bd. 88, 
* My attention was drawn to this problem by Dr. Ganesh Prasad, to whom 
I beg to express my obligations. 
Joschimsthal . Loc-cit. 
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Therefore, the total attraction along OM due to the infinite rod 
AB is 
oo 


| y (т) dr 
a vet nt n 





h 


If we write f (4) for Е (2)/24, we are required to solve the 
following integral equation of the first kind :— 


лы (m. | TCU 
h 





The solution which Professor Joachimsthal has obtained is based 
on the assumption that y (r), the unknown function, is capable 
of expansion in negative integral powers of г. It is possible to 
obtain the solution of the integral equation (1) without making 
this assumption. 


8. Examining the form of the solution of the integral equation 
(1) as obtained by Joachimsthal, we may assume, (following a method 
of Goursat),! that 


y (т) = | uum 2 e @) 
T 





where $ (x) is the unknown expression whose form is to be 
determined in such a way that the equation (1) is satisfied. 
Н we put r=hr', we get from (1) and (2) 


oo 





_ у (А) ат - 7 x 
д®= | MH —] , 
ï 3 
= №'ф (x) de 
pr | Maa he ac 
м” 


4 E. Goursat “Sur un probleme D'inversion Resolue Par Abel,” Acta 
Mathematica, Vol. 27, 1903. 
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Hence in the latter integral, if we put e=he’, we get 


== 


_ со 
——{, r'o (^а) da! 
y (hr’)=h | Ever ГЕШ 


a 
Therefore, 








which, on changing the order of integration (by Dirichlet’s formula) 


becomes 


ос =- а 


t i | r'dr 
so ф (Aha) ах MT JG) 7) 
1 


oo oo 


= $ (ha!) ви 7 | $ (2) de 
1 h 
whence —9 
$ @)=— f(x). ©.) 


Thus the form of ф (=) is determined and the solution of the 
integral equation (1) is obtained in the form 


"(ey 


o Gy (в) de -z Au. a (8) 





weg Va? — п 


T T . 
. 


It should be noted that the integral equation (1) has a solution, 
only i£ f (4)=0, when 4=œ. When this condition is satisfied, 
its solution is given by (4). 


4. The solution of the integral equation (1) may also be 
obtained in series, by following the method of Volterra. By a 
suitable transformation it is possible to write (1) in the form . 


со 


y (-— L TOTAA x, (гт) 4 (г) dr, oe (5) 


z 
= 
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where 
LZ 
x , zz 5 
. dz > "a : 
коө Vat ‚ G2) 
and К, (2, n= ge . 


The equation (5) is the well-known form of Voltera's integral 
equation of the second kind, whose solution in series can be easily 
obtained. 


5. The problem йе ‘with that of Joachimsthal is the 
following :— =: 


The density of an infinitely long rod AB varies according to 
a certain law, viz., a function y (¢) of the distance ¢ from M the foot 
of the perpendicular from the external point О. То find the 
function, if by observation, the total attraction of a mass at О, which 
attracts according to the inverse square of the distance, along the 
perpendicular OM is known. 


We take, for the sake of leds the mass at О and the 
constant of attraction to be unity. 


The mass of an element of matter dé at P is’ y(t)dé and 
hence the attraction along OP due to this mass is (Ра. 
Therefore the total attraction along the perpendicular OM is, if 
we take the density function y VE to be S about the 
point M, ан by 


` 
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If the observed total attraction is given by f(A), thén we get 
the following integral equation of the first kind 


ы Wu : 
24 dO, | 2l (8) 
0 Е 


where y (£) is the unknown function whose form is required. 


6 15 should be observed *from the study of the integral 
equation (6) that the necessary condition in order that a solution 
may exist is that f (4)=0 when 4=oo, which means physically 
that there should be no total attraction, when the unit mass O 
is situated at an infinite distance from the rod. This condition 
is evidently satisfied in this case. 


If we suppose у (¢) to be of the form _ 


oo 
_ Vh? +42. xh (=) йа 
| Vath) ; TN UA 
Mh? +t? К 


whereó (г) is an unknown function, whose form is to be determined 
in such a way that the equation (6) is satisfied. Therefore we 
get 





со oo 
dt | “ЪЗ 4-22. аф (г) dx 
й)=24 MEM =—====== 
К №) | (h? +22) : ма? —(h? +t?) 
0 МЕ ae i 
со | * 








^ бо 
m di zo (2) dv 
vu уму? —h*? yai ? 
y = 


(where y? =h? +27) 


dy s 8 
y Ai Jay? а) 


(on ehanging the order of integration) 
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Now, the integral „уе Е 
a TIE Cue 





M. Е. n дуу 
| уму? Ма? —у? С A og Vleg =h) dey?) 
he ен > 
` 7 (yai). 








mem dy, 
w” yi VY? —h, *)(1—y,?) à 
(when h-ah,) 


—1 14 а А E 
D | TED CE ( wher t= 5) 


Е we pub ` ud 
¿=L +( d » | 
1 


the above integral becomes equal to 
d 
2he Y Мом1—ш 2м 
0 7 - 
Hence from (8) we get E 


: ro | pla) de. 


h 
Therefore 


~ zak 5 
$(2)—— fiz). 
А т 
Therefore, the solution of the integral equation (6) is given by 
oo 


Ah? -- t? 
PI +. 


a iss фе ^. 

(= Va —( B) 00) 
мые C | 

which gives the unknown law of density. 


Dd 


On the potentials of heterogeneous incomplete 
Ellipsoids and Elliptic Discs. 


BY 


NIEHILRANJAN SEN 
[Read April 6th, 1919] 


. 

1. The potentials of heterogeneous ellipsoids have engaged the 
attention of many eminent mathematicians and solutions have been 
obtained by them in definite integrals and in series of spherical 
harmonies. These are the two most important forms in which the 
potential function for an ellipsoid has hitherto been expressed. The 
density in most cases is taken to be of the form . 


and the law of attraction is assumed to be the inverse xth 
power of the distance. While the case of the complete ellipsoid has 
thus been studied quite at length by many writers, the potential of 
an incomplete ellipsoid has not as yet received proper attention. 
The late Prof. Grube while giving a solution for the potential of a 
complete ellipsoid indicated a method by which the potential of a 
uniform incomplete ellipsoid may be determined.' . The object of this 
paper is to study the potentials of heterogenéous incomplete ellipsoids 
and elliptie discs and to notice incidentally the potentials of ellipsoids 
with certain discontinuous distributions of mass. 


The results given here have all been obtained by the use of 
discontinuous factors, a method first applied by Dirichlet in the 
determination of the potential of a uniform ellipsoid. The „principle 
is this.? The potential is given by the integral 


va [fe 


1 Orelle, Vole, 69 and 98. 


2 Kronecker, Vorlesungen über bestimmte Integrale. 
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taken all throughout the volume of the ellipsoid. This integral has 
been multiplied by Dirichlet by 


oo 


=} sinĝ.cos sô 5 
7T ef 


which has the value unity if s<1 and zero if зь 1. If 
e 37 + 5 + 2 z) then for all points inside the ellipsoid s=1, 
the integral is " and for all poigts outside it is zero. 


Hence after multiplication we can take the previous integral 
throughout the entire infinite space and - 


oo оо оо со 


у = 2 | | | | 08189 cos 50 40 de dy d: 
T 9 T 


— оо — 06 — Оо — OC 





This quadruple integral ean-now be reduced to a single integral. 


Later on Dr. Hobson! by using a different integral suggested by 
Kronecker? obtained by the application of the same method the 
potential of a heterogeneous ellipsoid of п dimensions for a ‘more 
general law of attraction (inverse (m-+1)th power of the distance). 


In the present paper use has been made of Dr. Hobson’s integral 
which is multiplied by a second discontinuous factor chosen according 
to the condition of the problem and by the application. of: the 
method followed by Kronecker and Hobson the ишы funetion is 
ultimately obtained as a surface integral. 


2. We propose to take up the case of the semi-ellipsoid first as № 
furnishes an important example of the method under consideration. 
The discontinuous factors to be used now are the following :— 


ERA ees A»1 
or 0 if c« 0 (q positive) 
1 Proc, Lond, Math. Soc. vol, 27. 
2 Vorlsungen, l.c. 
3 This integral has been used by Hobson, vide ante. 
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со. Pe. А 
t „ү 1{ sin x: 1 m з 
(i) = dv4- 5 = 1 if» >0 
0 





or 0 ity <0. 


Suppose that the semi-ellipsoid (a, ò, с) lies on the positive side of 
the plane 7==0 and is of density | 


°=(1-ё-р-&\) (690) ata 


eb £ у? ёз yz de e (og d) 


аз b2 с? 
E Я ay ; 5 respectively and Е, means that 


after the differentiations are performed w’, у', z' are all prt equal to zero. 


where a, В, y stand for 


Now eonsider the е integral > : 


al *(1- £- m x аа. 





ы 3 Ge iL en (а d-9w)^ 
E ad ^ R po ати Co 
« [Ef E + | q | | —— dédndtdwF ,, 
0 — ос — оо — cx 
where 


| = (0—6)? + nt  G-D*. 
It is the potential of а  semi-ellipsoid (for which 220) of density 


с under a law of force varying as the inverse (z-4-1)th power of the 
distance at the point т, у, 2. ° This we write in the form 


P=} P, +V © 
where P, is the potential of the i ellipsoid of density o and 


£t 2 
(2-5-8 - баны 
T= = ro а — 
ы Зет I в: 


it Baty 


т" 


dédndidudw Е. 
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It easily follows бош the integral (22) which may also ‘be written : 


FX > 


in the form gie # MEME 5 ug ied 
Po. : 


оо 
Hera = 1 if у>0. 
т v 

0 M 


7 o ба if 7<0, 

that 2V is the potential of an „ellipsoid with a рай 
distribution .of mass on opposite: ‘sides’ of the plane 7=0,.-v2z.,-of-the 
distribution of a volume density c throughout the half-ellipsoid for 
which 7>0 and of —o- throughout the other half given by <0. As 
the form ofo has been assumed to be such that the potential of the 
complete ellipsoid for this distribution ig known! we shall confine our . 
investigation to the detérminationzof thiefunétion У only. с v 


8.- Now. a - ы, у ^. у т xl. mae А HN : ze s EDS 
` 5 oo jae г E -> = 
Q1—l —ir 
A2 E. 
E [A7 ее i 
r(z О 











| Map pee аттау 
үш Lip (Oy 00 e oe 
z ra Әта. . Di Ms E EDO me 


a£-- Bu y6 =t [(4—5)* + (y? + (2—0) 2] 
e à е 7 ч i 


o uiv a ` dé dy dé dv dw dt №. 


at this stage we integrate with respect to ёт é respectively and we 
have the three following integrals : Dm 











1 Hobson, Lc. Dyson. Quarterly Journal 1891 vol. xxv. 
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десе ee 
wT ER 72. 


de jg rd pe » | 
ы к Ge) 


-(:+ ане) ex (1 4) 




















90 _ = Мт 2 
-_ М, 
Ж КОТАК КДПУ; 
(+ athe) ye +2( +) 
| - _ 8 . мж 
6 : sin w dy = —————— 
Et _ Мые 
Тое) (#+®; 
К ө * x HN —_ sin 
+70 
К i VU 
Hence ОИ É Muestra ө : Б 
i piu) т бу") 
у aL UE А #2 e ^ 
ME e, 
mmr ( Ж) - = — — M RE: 
“= -x TE p. 








EN atis w Af, atw n Va a 


EUM (EY (0), EGED] 


*. [pur at 79 ati ei vw 
Xe co = : 


Е ae | (++ 9+0 КЕТ 
xe А. № 














вт du dw а Ё, ; 
Tw 
t+ n 


now ehanging ше variable from / to 0 by the substitution , 
A i 


: а = 6, 
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we have о а. 
оо осоо | : | y? 
y= ae >j i} (atin) (1 p BLO Ci 
Co 79. mm = x m 
(да+ ш) @ 
аан ‚ Бру „у 4?а*0 + 5986 c*y* 








e 


зе 


_ vt > 0 
e 4 (qw) (9+9) sino) OY 1 Boto 
5+0 + (а) OF) 


asto B40” G40 AGE) (ro b: 4-6 


c* 4-0 


oo. /(a? +6) (05 +0) (c? +8) 


A—1 
(1) First suppose ver mes i.e, “== (1-5 ix. E- 5) 








then ~~~ ^^ 
eo 
y-l 0% г E) sea 
(mE p Te ren (c? +6) 
: = g? = e " д? a a 
P (q+iw) | т а 40 +0 ce? 4-0 Р 
== IC II E 


ae 0 sin 7;—7 wy 
x| ‚ EF) FE) Иә ay 
0 





Putting | by, sz. ut = “ 


and since 


0 
D em v Er 
| | е сов вавы | e 4° qg, 
- —— —— q' 
0 0 0 


za). 


) 


| dw 40 dv F.. 
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m | Ш ‚ СЭ 
—@#0* ain Bo Мт d 
; - a 
2.е. | e "m e | ? = 48, 2 
0 - . + -0- E ~ ` 
оо 1 з 
i co ee, — Vac E 
and | в 2 doc 8 йв, ° 
0 | wa 0 
we have 
RM E | 
( e GI) FFD) ы M ой 
J Е 
m E (p byi Y 2 
= рени}, EO (TERO 
= Мт Уи +) е ` 
0 
Hence 
l oc = 
“3 dô d. 
ем E у cy | 
E (=) à SHORE 
00 
ed 3 a зрзу? 
ЕЕЕ et Ы 
га ,Qt | Em b? +0 c3 4-0 "pa 
m 
Js (q-+iw) "7g tl 
E 2 9 25$ a 
‹ 1— OMS ES LED ka Дай ] 
в atm) | cs $20 — c0 0648) 
Өф. Mec eee Se 
m (io) 573 
_ S. I NN а. 
(B41 ) а#+@ 5407 FFO б) | 
2 
li bos. 


e? jy? | 2% 8% ibt 
a? 4-Ó d c0 OOY 


is positive or negative. 
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Hence: 3 oo 


А 


Ls S opu я eee ВЫ 
(Е SERJ | OF Me BGB) 








i ош e yog ВЕ s duy 
к E 854-0: b? F0 -- LL (b? +6) Tum. 4 


i 
and. the integration is to.be - taken for those values of sand 0 
which make А: 








eve s а? = y? z? ; gibts abd Lis 
"В-і акд Po E = +8) >0, nr > 0, Gpositive). 


ii t 

4. The above inequality defines the limits to which the integration 
should be confined: The potential - function in this case is expressed 
as a.surface integral and the ~ .region-.of „integration wl be evident 
from the following considerations: `- eT 





iy. j 7 
- 1" o8 я f | * 3 Е 
ЕЕ г {| їн, ji E Ў 
zi Жен LM ҮЗ E " 
t "ET OUR LL ИИ, EPUM in >. h Sat 


(1). When the point (#,y,z) is outside the ellipsoid it, is evident 


„оп ‘writing. the eee in the form ~~ 7- TM nit 
` И +. ра ~t 
y s2b? Е y? . 
RE 0s P рө” A па # >° 


"i XS ^1 ws 
‘that | the expression within the bracket in R will be negative во dóng 
as’@ is less then 0, which is the parameter of the confocal ellipsoid 
passing through the: point, (2,7,2), i.e., the greatest root of the equation 

re NE we i 


BO MGE УЕ LERNEN. РӘ) 
a? +6 5+0 e+e e qd We PUE DER 


Ao LUE, E б cx eue nur 
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So that no real value of's will make R zero or-positive. From: 
' the value .Ó, onwards upto infinity the expression within bracket 
will be positive (its maximum value being 1) hheneg we can chose 
s such that R may be positive ' ^and fór any définite,value of 6 the 
maximum value of s that wil make В positive is the value of s 
that makes "R-vanish. - Now it is also obvious from the equation 
R=0 that s which vanishes with 0=0,, will henceforth inerease 
continuously and will approach infinity with 6. lf we now draw 
the line s=1 the area of integration is easily found. ‘The point where 
the curve cuts the line s=1 is given by the equation- n 


os S и o : 
740 PY от rg) `7 в ©. 


Hence we сап express V as the sum I two- such, integrals as 


EN) zt д? y? 2? )! 


e hiec EIL aM ч AFO 


where the integrand is denoted by I. 


(її) When the -point '(5,y,:)—is inside the ellipsoid--the expression 
within the bracket will be positive for all values of 6 from zero upto 
infinity and hence we can always find s such that R vanishes. 
The origin lies on the curve В=0 and as @ gradually increases 5 
also continuously increases along with it and ultimately goes to infinity 
with 0. The region of integration- can—now be easily obtained by 
drawing the line s—l and: the function V is expressible as the sum 


of the two integrals co 
LICET) +0) ‚ (- a P | 
. а? TET Тор c ó 1 Газ 
j Г I dsdó Wf І 4840. 


6*0 


т - 5 з 


ЫЫ :The “lease of -the semi- -ellipsoid Cof! amiform density under 
Newtoniam law of attraction is important and may be -deduced from 
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the result given in $8 by putting A=1 and m—1. 





=2ab? døds у 
s: "Massen (0° 4-6) E $46 


. 53 5363 2 i 


А ~ EFO — CES) 
for the limits defined as before by R 0. 


This «may be reduced to a single integral by integrating according 


to the scheme of the previous article. For 
. 





by ds 1— a? > y? 
A/0(b* 40) Y ^ (a* --0)(b* 4-8)(c* +9) 43--0 — (b*-F0) 











g? 563? i „1. 55 
~ 40 0b5-8)]"' >| Bva? — 5 ds 
where A= UTE p e 
» б > P="/0(b? +6) 
L1. 0 ut. = z? | 
жа ae a) 843) 
this integral as equal to ` 
zu —1 
B A = sin Bs ; 
A 2 EL a 
so that E 
3 
B 
{ Bai — Bias de 7 
“0 
1 — —- 
а? -1 B 
and B Сал —B3s3 48=% a3 —p* tig sin Б 
0 -- 
Hence 2 
p 
=з E: dé _ ER _ Sat 
Camo] ++ +8) po 758p я) 
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; +ab® — B a а* __ и 
“А (40) а* +0)(с* 3-9) E ato P $- 











g 
e 58 КЕ Ь°уЗ + 
Ы c+ (b? 4-0) ) 
КВЫ y? _ 23 
+ ( 1—9 T LE сз рф ) EFO) sin —1 by 
by A/0(b3 +9) 


- (1- QE uc б" ү ] 
; «tÂ, 65149 сд ` 
The lower limit of the first integral being 0 or 6, according as the 


point is inside or outside the ellipsoid, 0, and 6’ being defined as in $4. 
It should be remembered that the potential of the semi ellipsoid 


= potential of the complete ellipsoid + V. 


6. Now, going back io the integral in $3 let us suppose that 
а, B, y do not vanish. We have to deal with-the integral 


оо — v? ET ( by 8620 
| ^4 (6+0) (q-+iw) Rune * 143 T (b? --0) run] 
в v 


0 | SS р 
This by the substitution 


Ьу у i pb - m 
E +3 (5? 4-0) esp" 


iransforms into 


ү: - [P*g(g-Fiw)-c3o0])* , 
€ 


zUy (ч +) +3860 ba (b3 --0)0(ч tiw) 
T 5/0 +6) Mq d- dw 
"OMS 0 i А 
Непсе 5 
ed i-i 


yv- [Q = ткы с N 
wr) JC 4-0) valar +6) (с +6) 


MEE EO +9 
E $ ° T Q déds Е, 


RERET Алаи )+у ez 
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where Be 


a=} [B*y(q-+in) +3600] ^C ТРА 


сс сна OD 
e 


E A 23 . 252 y? 
«+= ач ZPH : e 7 RUES 08 


E (o (qe TEE 





c M a6. , M" 
а [а * uer uq (1~s*) B° + Ag" 
xe 2 Е - dw 





оо 


-f [ > +3 ВЫ _ ТИМ 
= m =". |. 





Nu ) 
Vw [1- eise] p. + 2 E Js 
. where а, - 


= ааз вл PB pg 
A= [ыу + бй a 








бү x | 
ay | =Q,+Q,, : 


2 
? (9+) [ 1- ag ete. | 
where Q,= by |. а? +0 © f 1 " 
: Pg (qiu) A—$-l 


+51 = ale 
1^ ! (quip) А tnt 


_ 2r л-г r RBÓ 
=by туттун [1 3(2X—m-r3) 


— | ст 


R?B*0* 


UTERIS) i-a yt ]-—O=341>0 


where Ris ‘as defined in §3 and 











(1—42)4- i &nd also 
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when Е is positive, for se ра E В the integral vanishes, RE 


in а similar manner ` 


ate p \—ї+1  RB6- 
@.=38 0 s +: @-—=+0 е | 2 


where В, is positive, and is zero о when Ri is negative. 


Now ases: а, В, у by az’ $. 2, an and à allowing the whole 
Z 


z! 


„ 
integral to operate on Е (= 5. 2) and finally putting 2’, y' : 2 Md 


to zero after differentiation $e have 


CELO vemm, 
"where | 
У, =1 Г O) зайн | gt? W nie 
QE ST OUOG- FED d ORE д). 
PAPE VA SR ч А RLO 
i | XB m 2 (m+) т Yu a 
ах 
F (sts: de ғ), 22. sj?) 9 


and vou rO ome 01-7 
UmDQ ree) }й<ә Уе ++ 





л—® RLO 
QE & zm m) Fe ] 
EL ал а), = \ 540 
a +0 CET . 040 


Oy 





te a? 4-0 9* + $146 ®t e? 4-6 д: 
= Uu Ba?” b(ü—s)0y oco O02 








and as before the integrations. are 2 to. be extended over ie ыша 
of 6 and s which mabe 


_1__@=._ yh at, Му i pee 
R=l- афр эр9 тй ERED >0-(1жә>0, 0 positive), 


и: 
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7. .The case of the semi-elliptic plate comes in this connection and 
can be treated exactly in the same way. By using the same 
discontinuous factors and after а similar. series of processes the following 
results may be obtained. - pru eS 


Fora semi -elliptio plate of t density c where 
ттш (1-5 E х) on the half »>0,. 


the potential P=} Р, +V, "where Р, ‘is the potential of the entire 
elliptic plate of this density and ; 


=} Г О) s rab? = 023% 
т Г Pr (Аб 242 )4 





(04-52 )(9- аз) 
2 àÀ—$—i 
1— it c3 _ z? $2 5245 | 48 
[ ap 54 9 Pri) x 


where the integrations are to be taken for all values of s and 0 
which make - 


* PS ЕТ - y? EN ax uw эру a E ESI 
1 aq) чө 9 GED) >0. HE, 6 positive]. 
The discussion about the limits of integration given in §4 would also 
apply in this case. ‘Supposing the plate to be homogeneous, the 
pon under Newtonian law of force is given by 


у= ab*y ^ } гава в ==, the limits being properly taken 
6(b? --0)(a* +6) P 


Eun ~ pre 9 | 


00, . зыны Ты ку 
Р rS “ably 1 ШАН :. 
net с 6(b? +6) (а* +6)? 


according to the scheme of integration given in g 4 and the lower 

limit of the first integration being 0 or 0, according as the point is 

inside or outside the.plate and 0, and 6 аге the greatest (positive) roots 
of the equations j 

"(t'es = et — due 2? =0 

а +0 5+8 Ө 

gz 2 bà 23 

2808 чл ооа ж 


respectively. 
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The case of the density 


06) (Ы) 


oan be treated exactly as the corresponding three dimensional problem 
and results analogous to those given in $6 can be obtained. 

8. Having done with the semi-ellipsoid we propose to take up the 
case of an incomplete ellipsoid bounded by a plane parallel to one of 
the principal planes. By slightly altermg the second discontinuous 
factor given in §2 the potential of the incomplete figure may be 
obtained by an exactly similar analysis. Supposing that the solid 
under contemplation is greater than a semi-ellipsoid and is limited on 
the upper part by the plane у=к the suitable discontinuous factor 
would be 


v 


1 P sin (к—1)о do 





which is + or —1 according as <x ог >к. 
If the density is given by the function 


(iE gy р) 


the potential P of the figure is given by 


=2P,+V 








where P, is the potential of the complete ellipsoid of the same density 
and 
HE) e 
dot E sin sin (каро, ( 
Um р DET 
(q4-iw) ^ 
г + ind y. rn 
L— ——— дааа F, 


and it may also be shown as in § 6 that 


V=V,+Y,. 
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where 
Ml Е _____гб)_._ перан [205° 4-0) — ey) 
(b?-F0) (а? --0) (e? +6) 
чун): уена 
| " [is LEE I і з 
PAIS А - 92 1—m42) Е Pu E | 
бс ME goa H, e 
. "(ze DE (i= s) + "Uu wig) 400 
and ы 


vs T2 POs Jie AEN ux 
| Е (©): (^ "E pte) (—s*) „E FOFO) 














A—F+1 $ 
R/L/0 
E [ 3791... LAS D e] 
x V Rm) Т. +.. 
5 ( F TEE де) 
ду * dE gt mo 6 5%) + Nr. Er ds d6 
where Р M7 = ойе сезт 
pud ee ЈН $20 07 +0 8+ 
PO Ox? 5 (1—5) ду: —# Je 
and the limits of integration are to к determined fom 
He 1- ОЕ 2 _ [k(b?-+0)— bey)? oa jug 6 


anO beO FO 0 Q8) 
MOENIA De E | I>s>0 ) 
т 6 positive” 


— 


А scheme of integration analogous to that given in $4 may be 


worked eut ih-this-case—also. The iwo dimensional problem may be 
dealt with in а similar manner. , - Eus —— ERA 


PELLI 


The potential of a complete homogeneous ellipsoid may be deduced 
from the results given above: This “will also serve as а test of the 
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. agcuracy of опг results. PuitingA—l, m=] and Е=1. ins . potential 





nnder Newtonian law ofattraction © |. 2 т. 07.0.0 
ерата Е 
(0) Иба REED) ec T 
-2 1 
E fae n] 
[us aro GFO cx — Qr 7 -ds 49 


for the limits defined by В’ > 0, and when the ellipsoid is complete 
k=b. Following--the scheme of integration given in $4 with only 
a slight modification necessary on this occasion it is evident that 
in the present case 6’ will tend to infinity аз k tends to b. Hence 
the integral is equal to ; 


b VBE +0) [iz ая атлы] 
WE) 68у L ac BO 40 


oo 


22 | [b(5* 4-6) —b^y) 
bva +6) М (a? +6)(b* +6)(c? +0) 


0, 6,0- 
[теш э эы же цик бесек 
а% +0 b340 c? 4-6 59 (538). ; 


the lower. host: of 0 being О or 6, &ccording as the point is inside 
or outside the ellipsoid while 0, is defined in the same way as in $4. 








Now since 
a i a em % 
. (В 
ex | маз —B?s? ds = | P the integral: will [ашыш reduce: to 
0 = Mee ы 
53 
5 - > -- a 
Е - dé ч: - | D а? 27 yi . ga 
kw abe Y ————— —— ——— | 1~ -5 = 
E | að 5+0 "+0 | 


s~o 
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This is as we should expect. In the case of the complete homo- , 
geneous elliptic plate under Newtonian law of force the corresponding 
integral is .. 


of b+ by] nap - 





06% 4-0) маз +8 
= ab 551 я Nf 
i b4/0(b*--0) м6(02 4-0)(° +6) 
while the limits of integration are defined by 
equo $ Mes _ 5° _ ИОВ 
в B46 9 Pr 20 
and this by the previous method reduces to | 
T ; i 


af 4 — rud Um - z] 
Via? +0)(b* +0) ~ at +6 53-9 | 9 


which is half the potential of the complete elliptic plate. 


9. We now propose to show how the present artifice of evaluating 
an integral by the use of discontinuous factors may be successfully 
employed in determining the potential of any part of an ellipsoid and 
of an elliptio plate. As the procedure is the same in both cases we 
here deal with only the elliptic plate by way of illustration as ib 
involves simpler calculations than the three dimensional problem which 
however, does nob present any fresh difficulty. То avoid needless com- 
plieations we assume the density function to be given by 


remembering that the case of the more general distribution is to be 
treated in the usual way. Take the integral 


со 
1 sin(y-+ké+e)v i 
or | NEU ^ | $ 7 w+} 
-—oo . 


it is known that the value of this integral is unity or zero according as 
"the expression y+hé-+-c is positive or negative or in other words 
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*according as the point (é, 1) lies on one side or the other of the straight 
line 





n+ k+ o= 
Hence the integral . 
oo oo oo "G-&-g) (9-70) 
Pa го) | ( dé dy | e — dw 
ш ? (q+iw) s 
— oc — оо — oo 





oo 
НЕ 


gives the potential of that part of an elliptic plate (a, b) of density 
с which is bounded by the elliptic arc and the line 7-+ké+c=0 and 


encloses the portion in which the expression 7+hé+c is positive. 
This may be written as 


P=}P,+V 


where-P, is the potential of the complete-elliptic plate of the same 
surface density and 


(1 fT) (9+2) 








со оо - oo 
=e |) «а, 
— dw 
e (а+) ^ 
— 00 = 00 —oo 
со 
| sin 10 cos (0+0) Y 5, 
v 
— оо ^ 
"S "E ё 4 
"S Ба (1-£-£) «m 
1 f | d f= 
fo ILM 5 01] eee ae ee a 
М f (ati) А 
— оо — со — оо А 


оо 
cos уо sin (kÉ--c)v dy 
9 
— оо 


=V, +V, А "e 
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| Now making use of the integrals è : Up 
` ` в! 
А |? + o? Ы 
—a*a? 4-65 T Lu 
i а? 4a? y А. Е 
TA Ух sin bo м ру: Ре PO | 
е ve de = e . Dv 
cos P Sos cos @ 2: 
TR | : tog А 
$ ti = Ai 1 : а Я 
| A $, NN e dt 
it may be shown that wa. V =W, +W? itin 
D з су] 
|: ade rone lcm. 
УЕ, A (a? £6)(b® +6) 
s. "Wa UM ” ome (% )r o3 н) ( X pe 
; DEAS 
are b?y - я t. m 
a3 4-0 + 0+0 +e i qi y? 2? 
x Е m СШ. Rem s 
kato | $20 а+0 — b*-.0 6 
` a?+0 +0 à ; Ла 


EN | = а? ш b?y Д 
( өр ® өтө? e) Accu 
k*a90 , 60 X A dg 
cate +0. 
wherever the double sign occurs in the integrand the upper sign is 
to bé takén with Wy and the lower sign with W,'. 


And similarly * 
| у, =\,-М,'. 
Hence я: Vz2W,, КА 2 н Г 


where the limits of integration are defined. by the relation- 








g> 
OM Р 
Re pe (бев н) 
æ? = y? EE m а? +6 4+0 € У 
l— ayo P456 9 Pah, 59 5*>0. ( и) 
ate 5+9 ‚ ve P positive 
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10. Before conclusion it is necessary to recall the criticism. by 
Kronecker ! on Dirichlet's method of integration. He observes that 
however elegant Dirichlet’s method may appear to be it is not altogether 
. free from serious difficulties. The change of the order of integration 
and other points noted by Kronecker are not easily justifiable. These 
objections would stand in all the examples worked out in this paper. 
But it may be added that though the process- of integration is 
unsound from the point of rigour it gives quite correctly .all the 
known results about the, potentals of uniform, ellipsoid and of elliptic 
plates (88). It may also-be shown te give'many other results in 
connection with problems which may be solved directly. By way 
of illustration we take a very simple example dud propose фо taleulate 
the volume of the incomplete ellipsoid of $8 by the present method. 


4 BY the ordinary-method the volume - _ P 
saree eq és ыы . * ` еы ^5 z 
k : 
=н | ( 1-5 yw 
5 A m di 


аш (1 VE 
=зтабс-тас ( — 5: y 


Now the use of discontinuous factor gives the yolume=vol. of semi- 
ellipsoid + ff fdédydé between proper limits. 





oo 
E oam {% А 
, ( e Edo) qt) 
The integral—ic е dw 
(9+4) 
— O00 


oo оо оо oo 


1 ( sin» y 
т v 
oo 


9 — оо — 


ee А Б2р? : 
| е (9+2) п\п abe e 4(q+iw) 
0 





sin vk dwdv. 


oo 
= 1 
Шр 


(q--?w) (q- iw)? v 


oo 


! Le. ante, 
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But 
& а <. 
oo b? v 2 1 


=< , Ai 
f кш Е Я вно е (9+0) Fas” ds. (gay, 


, Hence the integral 


1 œ pus 
е (9+0) G- 5>) 
=}ack b dsdw 
| (qr) о 
0 —oo 


k? : k?s? 
—mack (1-557) ds, since 1— ur »0, k«b, 12:20 
0 


which verifies the result obtained by direct: calculation. 
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On the Wave-Equation in Ellipsoidal Co-ordinates 


BY 


SupHANSUKUMAR DANERJI 


1. In a previous paper! published in the Bulletin, it was shown 
that if the ellipsoidal co-ordinatese, 0, ф be defined by 


w=ap sin 6 cos ф, y=bp sin 0 sin $, z=cp cos 0, e 
then 
р" С," (0, $) and p* 5," (6, $), 
where 


т 


Әт n і 


— 


C.” (0, =! | (с cos 6-+2a sin @ cos ф cos u 


> _ +ib sin 0 sin ф sin м)" cos mudu 
and 
т 





„” (6, ө! | (c бок @-Ета sin 6 cos ф cos u 


mn!” 
mT 


+ib sin 0 sin ф sin и)" sin mudu 


constitute a class of solutions of the Laplace’s equation which are 
extremely suitable for problems involving an ellipsoidal boundary, 
The familiar method of determining by means of ordinary spherical 
harmonics the potential of a spherical bowl or a circular disk at 
any arbitrary point from the known value of the potential on the axis 
becomes at once available for solving similar problems for an ellipsoidal 
bowl or an elliptic plate. The potential of an ellipsoidal bowl or an 
elliptic plate can be easily obtained at any point on the axis and the - 
potential at any other point can be at once expressed in terms of 
C," (6, $), р" S," (0, d^, р-*-* Gf." (6, p) огр": $," 6,0). The * 
niotion of an incompressible liquid in an ellipsoidal cup and апу other 
potential problems can be similarly investigated. The detailed discussion 
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of these problems will be given in a paper shortly to be published. In 
particular a method was suggested for constructing a set of solutions of" 
the wave-equation! , - 


(V? 4k*)  —0, 


in the ellipsoidal co-ordinates (р, 6, ф) in terms of these harmonics. The 
possibility of the solution being expressed in the form of a product 
V. (kp) Ca” (0, $) was tacitly assumed in the method. It will be noticed 
in the light of the further results obtained in this paper that this 
assumption is not rigorously justifiable, but when the assumption “has 
been made, ib is possible to obtain an expression for у, (kp) which 
represents "the mean value of the function on the ellipsoid p and that 
with this value for фу, (kp), the quantity V, (kp) C," (0, ф) very nearly 
approaches a solution. An approximate treatment of the motion of а gas 
within а rigid ellipsoidal envelope will be given in some detail towards 
the end of this paper in illustration of the solutions. 


2. If we put хаа, y=by', z=cz',-then the wave- equation ean be 
written in the form : 


If ib is assumed that this equation has а solution of the form 


n 
f 


R,U,, 


where R, is a function of p only and U, is a solution of the equation 











19*0, ‚1 ðU, Y 8?U, ў ©, e veg 
a? 3 wi? у: Oy”? ta 92° -0, - " тё Dj 
thon we obtain. І о ` : 
ача 1 ао SQT) pen 
a TE + ду? +; +R, U, =0, 
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' * 


Now since R, is a function of p only, we have 


OR.» OR, OR, y OR; OR, и OR 


“Oe pp” Oy p Op ' Oe р.. OP ш 





Therefore the above аген becémes =: oe ш еМ 


Пё ү ёвүүї д (у ORY 1 аа 
[5 бу p Өр Te ду (р ae te ail, $e )] 5. 


Н : 2. 3 
ad 


E өт, Тено 








+2 98, [4 өс, (у эт 
р Op Lë дш b 9 

t r 
This can also be written in the Jot - — А 


T or) att 1° 














+1 98, æ ðU, у ðU, ‚= OU, 
л "A д Th Oy e ðr 


+U, (2 LaL +5) | +k°R,U,=0. 


It will appear from this equation that it is not реве to separate 
the differential equation for R,. But it is easy to obtain the differential 
equation satisfied id the mean value of R, on any ellipsoidal surface. 
If we put U, —p"O, (6, $), this becomes. DEN 

9 [1 OR, YO.(60, $) + 1 oo [ 2 D, (6, $) 
p 


Эр \p Op Po? +5 








K - . f1 1 г р | 2 ( = 
+ (Sit) C, (6, Ф| +№8В,.С, (0, $)=0, 


а _1 — sin* 0051$ | sin? 6 sin? ф pee "n 
р," a ‚ a 
and | 2 
т 
„ед ду (КЕ! 6 
D,"(80, $)— DAE (c cos 0-I-Za віп Ө cos ф сов « 
р? eae rds Md 4 . 


-Fib sin 0 sin $ sin u)*^! 


с ш eg b 


; si cos v , ? sin Ô sin ф sin 
(m i sin Ó cos $ co 4 ф в * ) au. 
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Multiplying this equation by the. conjugate function C, (0,4) and 


integrating we obtain — И 
А = р x 


: Ы 2% . 4 
AGES 
0 


2 


tc. ( ay)" 2 asas 


De C, $) с. (0, ф) sin A 


89 5 | ES 


T 2 
m \ [С,(9, Ф)]° sin вавах | 
00 


т Әт 
TEM, | | -[C. (8, ui sin 6d6d4 —0. 
d - 
How it is easy to see that 
т т - 
aen | | (C, (6, ф)]* PE 404 
2т 


т 
= | D, (6, $) С. (8, Ф) sin 064% 
Ji i 


ie т т 
1.111 : р 
+ (5*5 +2 ) А (0. (6, ))* sin 02648. 
0 0 
Hence the differentia} equation for R, reduces to the form 
8 G =) + (2+3) (2 =) 
р Op р Op 
т 2r 


Е | [Cn (0, $)]* sin 6d6d$ 
= m" 0 0 __ o 0 ` В„=0. 


eee Dee - 
ffe oap 55, sin? ваф 
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x If now we write -' ^ 


» € 


ao an е 





Н т 2r 
Аз» | | [С, (6, 9 sin 0464ф г > 
е ð Ò nd E 
: | fuge нысы “a fr Т = 
| | [C. (6, D sin ud déd$ ; 
0 0 » - z 
the equation can be written in the form i : 
9 (198, +8) 1 1 E SR, =0, 





> P 
Op Xp Op 
which has the well-known solution 


R,=Ay, (1р) +BY, (Kp), = Gwe (eh em 


where A and Ba are two arbitrary constants and. 


V. (р) = -CH 19 Ysnp y, (5— С күк 





p 


Also 


p. (p) — 8, Js pa 0: 


О) 


.The condition, which any two distinct solutions У, У’ of the wave 
equation, which themselves or their differential co-efficients in the 
direction of the normal vanish on the surface of the ellipsoid, must 


satisfy, namely | s z 


l xr 2 
| | | VV'p? sin Odpdédp=0, ev 
000 = 


is also easily seen to be satisfied by these approximate solutions. 
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3. One of the most interesting applications of these results is to the | 


investigation of the motion of a gas within a rigid ellipsoidal envelope. 
Oy 
“Op 
vanishes when р=1. The аа vibrations in which the 
disturbance on each similar and similarly situated ellipsoidal surface 
is in the same phase will be determined by y, (Ap) which satisfies the 
equation 


To determine the free periods we have only to suppose that 








8 (198954,9 09, , 3P 
Р др C бе) +5 Op ие ad 
ry a? 2 с? 
Therefore 


The free periods are given by ^ 


а ==1:4803т, 2.45907 9-4709m, 
„(++ Lut a) 4-4774т, 5:4818т, 6-4844er, ete, 


The first finite root corresponds to the symmetrical vibration of lowest 
pitch. In the case of a higher root the vibrations in question has 
ellipsoidal nodes defined by the values of p corresponding to the inferior 
roots. It will be noticed that the pitch would be lower for the 
ellipsoidal shell than for a corresponding spherical shell obtained by 
putting а=ф=с=1. The amount by which the pitch is decreased for 
an ellipsoidal shell of given dimensions can be easily calculated from 
the above formula. 


4. The case of »=1 is perhaps the most interesting. “The 
differential equation satisfied by y, is . 


a (1 бу, YES 85. y = 
eS )+5 Be nv =0, 


P Op Op 
where * 
TREE MN Бї? "PEN 
t» A atBà Stats 


Li 
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. Hence the vibration at any point is given by 


: So sin Kp 
© öh FU 


where U, =a sin 0 cos ф, b sin 0 sin $, or c cos 6. Hence the air sways 
from side to side in the directions of the three principal axes. For 
vibrations in the direction of the a—axis. the periods are given by 


МЗВ = 66957, 8908, etc., 
3,1,1 
x (3 * XI T с® . 


for vibrations in the direotion of the b-axis by 
УБК — - 


1,3,1 
(iei 


and for the direction of the c-axis bv 


= 8625, 1'8908т, etc., 


Sk = ‘6625r, 1-8908т, etc. 
11,3 
(тети 


5. When n=2, the differential equation satisfied by v, is - 


› 9 1 ду, 4 ду, "E =0 
Р бр м: 8p + =t, 


where К? = 
7k? (12a*-r3(b* -Fc*) —4а? (b? 4-с?) --2b*c?] 
1 
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(bt ot tda) (1 ^ ha) Па +08) — дал (Ъз +0?) +96301] 


7k* [12b4 +3(c* +a*)—4b?(c? +0?) ee) 





Bot tat br) (а sti 142) teresa) t +a?) 20ra а?) 


or 


7k TEE 











B(a* +b? +402) 4- (и +1 +3) [18c* + 3(а* 4- b4) — 4c* (a? 4-53) +207] 


The spherical nodes are given by 


— Ер? —2k'p 
Sap ло 
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of which the first finite solution is L/p--3:9499, giving a tone grüver 
than any of the symmetrical group. _The и will also be seen to 
be nodal surfaces 


с —y? — 22 —0, 2y* — z? la? =0, 922 дз —y? =0.- 


It will appear from the above results that corresponding to a 
single mode of vibration of the gas inside a spherical shell we get 
three distinct modes of vibration for the ellipsoidal shell. This result 
is also clear from the general expression. The periods for the nth 
mode are determined by k which aré the roots of the equation 


© „жез а] ыш. 


bee 


where 


|, Io awn aa [Cn (8, $)]? sin 0 20 db ` i 


ИЕТ го, (& E бар 


= Қ? 


It is clear from the above expression that by an interchange of the 
letters а, b, c in the нон for C, (6, $) we get three distinct’ 
types of vibrations. 2 5 


6. Аз we are not yet in possession of any rigorous solution of the 
wave-equation either in the confocal system A, м, v or in the system p, 8,4, 
itis thought that the approximate solutions given above may be used 
-with advantage to elucidate some of the obscure points in the ellipsoidal 
problem. One advantage of the solution is that the methods already in 
common use for the spherical problems can be easily extended to solve 
analogous probleme for the ellipsoidal boundary. САННЕ 


Further results on the harmonics О," (0, $), В." (8, $) and the 
solutions of the wave-equation and their applications to other physical 
problems will be published in due course. 


On the numerical calculation of the roots of the 


equations P,"(4)—0 and x P,"(u)—0 regarded 


as equations in л. s 


[Part п] 


BY 


BHOLANATH PaL 
In my first paper, “On the numerical calculation of the roots 


of the equations P," (р)=0 and z P," (и)=0 regarded as equations 


in п,” I promised to give some further tables for the values 
= 
4 
completed and are given in the following pages. 


of n, for, 0— I and б= ты. These tables have now been 


The method which I followed in calculating the roots was, as 
I explained in my ‘first paper, derived from an asymptotic expansion 
of P," (p) as a function of п recently given by Prof. Watson in the 
“Transactions of the Cambridge Philosophical Society" (October, 1918). 
T should also point out that the expressions for x for which these 
functions vanish and which I have obtained from the asymptotic 
expansion are rapidly convergent and very convenient for numerical 
work. : — . 


The values of т for which P," (и) vanishes are given by 


| п + is +a, Fag -4 аас. | 


tà {атау Fo a, a d so] 


A gulletin of the-Caleutta Mathenratical Society, Vol. IX, No. 2, March (1919). 


and 


and 


eo vp кє о эз 


Ut м 


o, c... ате written for 
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С’, 
а, =— "E , e 
NEU A 
(2g)? 


a 90,0, +30, 0, —C, 20’, 150", 
SO Oe Oa ooo 


; (2) 


С 1 =m? —4; 


O — (m? —4) cot б, 


C,=3(m*—4)*— Fm? —4) (m* —4) соб, 


О (n? —$)(m* —1) cot 6, 


TABLE І 

: = m= 
& a, а, a, aja’, 
6.5 -0192 —-0014 —'0000 — -0000 
10.5 +0119 —-0005 —-0000 —-0000 
14.5 -0086 —:0002 —-0000 —.0000 
18-5 +0067 —-0001 —-0000 —-0000 
22-5 +0055 —'0001 —-0000 — -0000 


da, da, 
dg > dg?” 


The roots of the equation P," (р) 0. 
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а 0. n 


:0000 6-62 
‚0000 10:51 
*0000 14:51 
‘0000 18.50 
-0000 22-50 
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The roots of the equation P," (р) =0 


Тавре II 
= 9 ml 
a, а, a, аа’, 

— ‘0833 -0092° -0000 —-0015 
— 0441 +0025 0000 — 0002 
—.0300 -0012 -0000 `— -0000 
— -0225 .0007 ‚0000 — -0000 
— 0182 -0004 -0000 —-0000 

Taste ПІ 

C PN. 

0— PER 2 
в, а, аз aa, 
—:7500 -1500 —-0190 — -2250 
— +2884 +0221 — -0011 —-0138 
—:1785 -0085 — -0002 — -0033 
—:1293 -0039 — -0000 —-0010 
—-1018 -0029 — -0000 — -0005 
Tase IV 
7 ЕЕ 
9= 6’ т=0 

94 ag аз aa, 


-0216 —-0010 —-0000 —.0000 
.0135 —.0004 — .0000 — -0000 
-0098 — -0002 —-0000 — -0000 
-0077 — -0001 —-0000 — -0000 
-0063 —-0000 — -0000 —:0000 


* 


аа’. 

.0003 
0000 
0000 
0000 
-0000 


a x 
0001 4:40 
-0000 8-44 
0000 19-46 
-0000 16-47 
0000 20-47 


а?а, п 

-0450 1.58 
-0011 6-15 
*0001 10-28 
:0000 14-34 


-0000 18:37 


oa, n 


-0000 10-08 
-0000 16-02 
0000 22.01 
-0000 28-01 
-0000 34-01 


UTR ` E Bre ew dE we x PEN x. 
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"The roots of the equation’ P^ (p) 50. 


a > * 
Tasis V 
LT = 
zu ‚ №17 
k é ‘а MED 2005 ауа, dad, a! a, бтп 


Г. 7 22270997 27750066 ` -.0000 —-0018.: -0001 _--0009..6-88 
85185270499 70019 ---.0000 =='0001 :-0000  -:0000 12-91 
2°89 = -0341 77-0009 >- -0000 — 0000- :- -0009 - --:0006 18-98 
-24-25-2: 30959 -- 0005 - `::0000- 52-0000: --*0000 +-:0000_24-95 
58172220900 ^- 20008 ---:0000-===0000- ~ ‹0000=т2-0000 30-96 


k é үз „| % С: ЕСА ауа, аа, т 
sede 4-—-8118.---1014 —.1231 —'1658 0413 -0206 2-96 
372 10; +8247- - -10162 —.0082.—.0105  :0011. -0005 . 9-39 
778-16 —:2027 0063 —.0031 —-0025  .0001. .0000 15.68 

‘422 —.1476 -+0033 —-0012 —-0009 .0000 -0000 21-72 

9-28- —.1189 - -0020 —.0007 —:000&  .0000  .0000 27-78 


- Taste VIL 
qq 

ké a, a, а, aa’, аа, аа п 
‚1 20:5 -0227 .—:0005 — "0000. "0000. :0000 0000. 20-60 
-8.8::5--0143 —-0002 —-0000 —:0000 0000 .0000 32:55 
8 44-57-0104 —-:0001- —':0000--—:0000 0000: :0000 44°53 
"456-5 0082 ` —0000 “0000 - +0000 :0000- -0000 56-58 
`$ 58-5.-0068 “—-0000° —-0000- —-0000 *0000--0000 68-52 
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r * vt 
The roots of the equation P ,"(u) =0' 
-Tason VIII 
Ku 


б=т 


tmel 


k & a, [» аз aa, аа, аа, n 
L 145 —'0965 -0033 :0003 —:0006 :0090 :0000 1414 
$ 26:5 —'0598 -0009 -0000° —'0000 :0000 -0000 26:30 


3 88:5 -—-0868 -0004 -0000 —-0000 :0000 :0000 38:36 


4 50:5 —'0277 :0002 :0000 —'0000 :0000 :0000 50:89 


5 62-5,..—'0233 -0001 :0000 —-0000 :0000 ‘0000 62-41 


Taste IX 
A = 
б=т ,m-2 


Г toot 
k £ 94 а, аз ауа, аа, аа, т 


1 85 —-8221 -0484 —'0723 —0877 -0108 -0051 4-77 

3 90-5 —-8414 -0083 —:0061 —-0057 -0003 -0001 19-21 

3 82:5 —:2153 :0083 —-0023 —-0015 :0000 -0000 31:67 

4 445 —1572 ‘0017 —-0006 —-0005 -0000 -0000 43:90 

5 56:5 —'1938 :0010  —.0000- —-0000 -0000 -0000 56-03 
“я - К ug E uu : ' 

The values of » which make 5; Р," (д) vanish are given by 


3 
acti fa, tastas — “at 92а... }+& LOT M ) 


EE Я ~ | ` +оо, +...} 
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ща 
where 
T 1 9 А 
=| 2k—-m+i — L 
igh 217043 - 2). 
Ф 
а а, 
1 a’, 
а, == в, 0,0 , 1 
277 al, а’? оё? 
i a= 3a, аа, _За’,а, ,a',?a, 1 
Cg, do Xs aw, ) (0): 
TT т. 
and 


а, =-—1 cot б, 

a, EP, 

a, =—(E+4) (m? —1) eot 0—+ (m? —1) cot б, 

a’, =(E+5) (т? —1) — (т —1)—3 (m? —4) cat? 6, 

a, —$ (Ё+3) (т? —р) (m* —1 cot O43 (т? — 3) (т —) cot 0 
— 15 (m? —4)* cot 0+1 (m? —$) (m? —1) cot*0, 


a',— (+3) (т? 4)! —4 (т? —3) (m —4) 


— (E423) (m*—2) (m*—2) соб ти —2) (m*—2) cot, 


(US А А 
: d d 
&nd a’,, d'ay ave written for T : di те 


Wr 


Ф co w 


& 
18 


$^ в, а. 

d —1154 +0309 
18 —-0641 -0166 
19 —-0444 +0118 
25 —-0339 -0086 
31 —-0274 -0069 
^. ds 
— 0894 —:0865 

—0594 —+0410 

— 0385 — 0296 
— 0308 —0232 


—'0251 —-:0191 


a, а, 


TABLE X 


= ‚т=0 J 


! ‚ П 
аз аа, аа, aya, т 


— 0008 —:0018 0006 0005 6°83 
—:0082 — 0002 :0001 :0001 19:89 
— 0000 — 0001 0000 0000 8-93 
—':0000 — 0000 ‘0000 0000 24-95 


—'0000 —-0000 0000 0000 30:96 
TABLE XI 

=, т=—1 

as ao, аа, аа. n 


:0014 —:0006 —:0005 —-0004 9-71 
0005 —-0002 —-:0001 —-0001 15:89 
0005 —-0000 —-0000 —-0000 21:87 
"0001 —'0000 —'0000 —-0000 27:89 
-0000 —:0000 —-0000 —-0000 33-91 


TABLE XII 2 
zt А m=—2 


6 


А ! А 
Os 8418 4 0105 ауа, 7 


—'0641 —°2535 —'0000 — 0009 —'0015 — 0018 12:38 


19 —:0444 — '1788 


95 
81 
37 


—'0889 —:1808 
—`0274 —'1047 
—'0251 --'0877 


К, 


0015 —:0001 —-0005 —-Q004 18:58 
001° —`0000 —:0003 —-000‹ CPSs 
0008 —:0000 —-0001 —-0001 30:74 
0000 —:0000 —:0000 —-0000 36:78 
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The ots of the equation d P, 
dy. 
\ Taste XIII 
-- T е 
l= ‚ m=0 
Её a, a, аз aa, 


1 145 —-1244 -0386 0008 —-0009 
2 265 —:0691 -0178 -0900 —-000] 
3 385 —-0504 0121 -:0000 —-0000 
4 505 —'0365 -0092 0000 —-0000 
5 625 —-0296 :0074 -0000 —-0000 


Taste XIV 


Её та, 0. as 8,0, 


1 20-5 —:0888 —-0698 —-0005 — 0008 
9 32-5. —-0565 —-0434 —-0000 —-0000 
8'445 —-0414 —-0315 —-0000 —-0000 
4 56:5 —'0327 —-0271 —-0000 —-0000 
5 68-5 —-0270 —-0204 —-0000 —-0000 
TaBLE XV 
=i ,m-—92 

ix Ca ENS Й 
1 965 —0691 —9676 —0051 —-0001 
2 385 —0504 —1829 —-0009 --0000 
dee —0365 —1388 —-0000 —-0000 
62-6 —-0296 —-1119 —-0000 —-0000 
5 745 —'0948 —-0939 —-0000 —-0000 


™ (и)=0 è 


0008 -0002 
0000 -0000 
0000 -0000 
0000 -0000 
0000 -0000 
a,a', aia, 
—-0008 —-0002 
—-0001 —:0000 
—0000 —:0000 
—-0000 —:0000 
—:0000 —-0000 
a,a', a'la, 
.— 0007 —-0006 
—0002 —-0002 
—0000 —-0000 
—-0000 —-0000 


—'0000 —-0000 


п 


19:88 
82:11 
44-99 
56:28 
68:89 


Ne 


Notes 





We have received for publication from Рго ог Frechét of the 
University of Strassbourg the following courses of instruction to be 
delivered in the University of Strassbourg in the next academic year. 
The University has been informally reopened and reorganised ‘this year 
and Professor Frechét desires: the attendance of some students or 
scholars from India, graduates being preferred. 


РА 2? 
Programme des cours et des conferences de Mathematiques 
ў . 
l'annee scolaire 1919-20.: 
Тая SEMESTRE, 


Mathématiques générales et mathématiques préparatotres : 


М, N., professeur ... 3 cours par semaine , . Us 
M. DARMOIS, professeur ... 2 conférences par semaine 


Oalcul différentiel et intégral : 


M. VALIRON, professuer ... З cours par semaine | 
M. ANTOINE, maitre de çon- 2 conférences par semaine _ 
férence. у 


Mécanique rationnelle : 


M. VILLAT, professeur .. 3 cours par semaine | 
M. VERONNET, chargé de con- 2 conférences mar semaine 
férences Е 


Astronomie : 
M. ESCLANGON, professeur... 2 cours par semaine -= 


Analyse supérieure S ios | 
М. ЕВЕОНЕТ, professeur (Сар 9 cpurs раг semaine 


cul fonctionnel). . А | . 
(Fonctions d' aproximation) ... 1 cours par semaine <L 


* Les cours dont les titres sont`suiyis d'une astérisqne portent sur des indo 
variables chaque année et s'adressent aux étudiands avancés, 


$. 





Mathématiques 


M. N., Profess 
M. DARMOIS, 
férences. 


aitre de con- 


Caleul différentiel et intégral ; 
M.VALIRON, professeur ..» 
M. ANTOINE, maitre de cón- 

férence. 


Mécanique rationnelle : 
M. VILLAT, professeur 


M. VERONNET, chargé de con- 
férence. 


Astronomie : 


M. ESCLANGON, professeur ... 
M. DANJON, astronome-adjoint 


Analyse supérieure :* 


M. FRECHET, professeur (cal- 


cul Fonctionnel). 


Géométrie supérieure :* 
M. N., professeur (Déformation 
des Surfaces). ` 
Theorie des fonctions ;* 
M. VALIRON, professeur ; 
Fonctions entiéres. 
M. VILLAT, professeur: Fonc- 
tions elliptiques (avec ap- 
plication a la Physique 


eaten atiques). 


NOTES 


„ 
ЭТЕМЕ SEMESTRE. 


a l cours par semaine 


2 conférences par semaine 


І cours par semaine 


2 conférences par semaine 


1 cours par semaine 
2 conférences par semaine 


2 cours par semaine 


Travaux pratiques à L'observatoire 


3 cours par semaine 


2 cours par semaine 


2 cours par semaine 


2 cours par semaine 


:* Les cours dont les titres sont suivis d'une astérisque portent sur des sujets 
variables chaque année et s'adressent aux étudiands avancés, E id 


4 


NOTES 97 


P4 
ТЕЕ ET 21ЕМЕ SEMESTRE. 
" Préparation, à l'enseignement. 


(sous Ја direction de M. VILLAT, ргоѓе тг) 


Mathématiques spéciales : 
M. VILLAT, professeur .. l conférence par semaine 


Mathématiques élémentaires : 


M. N. .e 1 conférence par semaine 

Calcul différentiel et intégral : . 

М .ANTOINE, maitre de con- 1 conférence par semaine 
férence. 


Mécanique rationnelle : 
M. DARMOIS, maitre de con- 1 conférence par semaine 
férence. 


Travau v pratiques de Mathématiques : 


М. N., Directeur du laboratoire de Mathématiques. 
M. N., Préparateur de Mathématiques. 
L'horaire sera rétabli suivant le nombre des étudiants inscrits. 


Institut de Mathématiques : 
M. FRECHET, Directeur. 


L'horaire des colloques mathématiques (destinés à encourager les 
recherches originales) sera établi ultérieurement suivant le nombres des 


chercheurs inscrits. 
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Illustrating. the scattering of light by a perfectly reflecting cone. 
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illustrating the scattering of light by a perfectly reflecting cone 
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[Read Арт Gth, 1919] 

l. Although the problem of the diffraction of light hy à « perfectly 
reflecting and perfectly absorbing wedge has been very ‘successfully 
treated by Sommerfeld . and other writers including Jackson? 
Maedonald,? Reiche,? Wiegrefe; Bromwich* and Whipple* bythe 
use of a certain type of contour integral, the problem of the: diffraction 
of light by a transparent wedge, when the velocity. of radiation :іп the 
body differs by a finite amount from thatin- the surrounding medium 
does not appear to haye received so much attention. There are in fact 
not many cases in which the infuence-of the, material proper ties of the 
obstacle has been taken into account т the mathematical treatment 
of a diffraction problem although the necessity of doing this has been 
very olearly.indieated by some of- the- experimental results. It was 
therefore. considered that the treatment of the problem of diffraction 
of light by a dielectric wedge given in this paper may not probably be 
altogether devoid of interest. ‚ Atter this paper was read, Prof. Carslaw 
has published an important paper on the diffraction of light by a 
perfectly conducting wedge of any angle in the Proceedings of the- London 
Mathematical Soctety, December, 1919. The present paper had to be 
re-written in view of the results obtained by Prof. Carslaw in this 
paper. . 

2. - Let the edge:of the wedge be chosen as the ғ axis of z and let „б, 
be the cylindrical co-ordinates of a point so that the faces.of the wedge 
are given by 0=0 and 6=£ and that-the space occupied by it is:that 
between 9=В and 0—2-. Taking the case in which the electric force 


? Jackson, Proc. Lond. Math. Soc., Ser. 2, Vol. 1 (1904), р. 393. , Hi 
2 Macdonald, Electric Waves, Appendix D (1902) ; Proc. Lond. Math. Soc. Ber, 2, “== 
Vol. 14 (1915), p. 410. — 
з Reiche, Ann. d. Phys., Bd. 37 (1912), p. 131. | : 
+ Wiegrefe, Ann. 2. Phys., (4), Bd. 39 (1912), p. 449. 
. > Bromwich, Proc, Lond. Math. Soc., Vol. 14 (1915), p. 450. 
-$ Whipple, Proc. Lond. Math. Soc., Vol. 16 (1917), p. 94. 
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in the incident wae is pexallel to the edge of the wedge, it is easy 
to see that the elegiiric force in the total disturbance outside the wedge 
and that in the d@turbance which enters into the body of the wedge 
must both be paWellel to the edge of the wedge. Let Z, denote the 
electric force in theXneident wave, thén | 


Z = [е cos (0—0) + V,t] 


which r&presents a set of plane waves coming from the direction 6". 
Prof. Carslaw' has transformed this, expression into the integral 
Ly „її, [7 cos (a—0) Vit] е^ 
‚т . : J 
Е e — e 
over the path (A) in the a—plane (see the figure in his paper) He 
‘has alsó obtained the following expression which is a finite and 
‘continuous solution of the wave equation and of period 2n7, n being any 
positive integer, . 
= А} tk, [r cos (a—0) 4- V , 4] gait 
Z= m4 6.5 и. do, 
я eh „ёт 
ihe integral being taken over the same path (A) in the a—plane. 
This integral has the property. that as »—>»o, Z—>Z,, when 
| 6-6 | «v, and Z—>0 when т< | 6—6' | «2uz. ' А solution of 
period 28 is similarly obtained in the form . 


da, 


1 (2+ cos @- 0) Y] вёта/8 
2B я tra/B _ Ы 1т0'/В 


over the same path (А) in the a—plane. These periodic solutions of the 
wave equation have been used by Prof. Carslaw in the discussion he has 
recently given of the problem of the diffraction of waves by a perfectly 
condueting wedge without making any use of Riemann's surfnces. 


А more general solution of the wave equation of period 28 ean be 
obtained by starting from the integral 


—À. EC eos (a—6)- V, t] e 


© Dnr NDERIT 2 


! See his paper on “Multiform Бошоп? in the Pr ос, Lond. Math, Soc., Ser, 1, 
Vol. 30 (1898), p. 121, 
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over the path (A) in the a—plane, where f [r cos [F8 is an 
arbitrary continuous solution of the wave equation. £j N E 











97 192. 10:2 1.02... 
T 8r 7 96° Vi? Oe = 


+ 


By making п tend to infinity and by proceeding as in 53 of Prof. 
Carslaw's paper already quoted, we can easily reduce the integral to 
the form : | 


e 


coidy . 
1 "M 9t ^ 
an | cos £+V,t) я» d£, 
оо + у 


where 277 y», 0>у>-т and by adding to this ће solutions of the 
-same type which correspond to the directions 


0 4-98, 0 +48,..:, 


we obtain the following solution of period 2, 


cory! ee 
| bec E our 
oR f T cos 1 a aR ar aaa amare сайды amet! t ay 
d cos 7®— сов 7 (0—0') 
oot -- у B B 


Similarly by adding the solutions which correspond to waves in the 
directions 


—6' +28, —0' -48,..., 
we obtain the solution 


сё Ну’ 


; sin 7 ^ " 
ag \ Л" cos СНУ ————————— &@, , 
a cos $- cos y (0+0) р 


< 


where 2т>у>т, 0>у> т 
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3. 1 now Z Z A denotes the electric force in the disturbance outside 
the wedge and Z, that in the disturbance inside the wedge, then’ since 
at the boundary between two media, the tangential electric force must 
be continuous, the following condition. must be satisfied on the two faces 


of the wedge: . К 
1 Z,=Z,, when 6=0 and 6=£, 
that is, 1,0, when 0:0 and 0—B. 


We can therefore assume the following expressions for Z, and Z, 


П 





ooi t y е чё 
sin = 
7, = 5 | gh C cos + Vt) | В 
122 58 ; = 
£o Shes ope eret Y соз he cos Z. (6—0'). 
orty А В В 
sin Ti 





dé 
cos я cos gt ] | 





3 

















ae e siu п m 
op - /( сов ну, t) | = 
7 GOS — — © 0—6' 
Soto о F OS B ( i ) 
etd re “os, GI $L. > "s D sin ZÉ 
+ B ic dt, 
: cos 7 cos g (0 
d E sin zi 
| 7. = d. F(reos £4- VO | : 
AR | сов 7©— сов" (0—6) 
оо у B B 
К r-a рз . F gin ZÉ 
` tace ter Я + z А B... 1% 
: сов — no (ren 


V, V, denoting the velocities of propagation in the tw6 media. 
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If now we suppose that the two arbitrary functions F and f satisfy 
the equation 


FG cos (+У, =] (+ cos é+ У, 0), 


. i 


for all values of + cos £ and f, then the condition 


г Z,—Z,=0, when.6=0 and 6=8, 


is satisfied if C=F and D=E. The alternative solution C=—D and 
Е = — Е is obviously inadmissible as we are then led-to the condition 
that Z, and Z, separately vanish on the two faces of the wedge 0==0 
and 0—5B. It is also easy to-see that if we choose the two arbitrary 
functions to have the forms 


` 


- 


Т СУ дне cos £ + Vin 


ала. F(r cos сву) cos é+V,2) 


) 
4 ich ей» (r cos CE Vt) 
[ 


[һе cos ё : vay] 





2 oa Wk. cos +V t) | gren CEV,O 


Tes 


ғ 


> 


then the two functions are very nearly identical for-all values of + cos’ £ 
and № provided that 


3 ^ I^ 
` 


КУ, =Е,У, | 


and Ё,, k, differ only by а small quantity. When А, and k, differ hy a 
finite quantity, the form of the function F can be нш by the 
method of successive approximations, erc) 
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- 


. We thus obtain the following expressions for Z, and Z,: 








ж sin = . 
y — ak ek: (г cos iE à B 
= Don | 
ds oF — сов g (6— 0) 
> d . into 
= В ] dt, 
Е cos и cos go 
т sity ` . т: 
4! 5}. E (7 cos Cv, t) les Cem B 
ар cos ™— cos = (6—0) 
оо? ++ y B B 
D sin т{ 
—R— |& 
E сов - cos B (0+6) 
: pur Ds sin zi 
Z,z al F(: cos £+ V,£) | Ez. B E 
28 соз Z5 — cos 7 (0— -6') 
oci 4- y B B 
C sin 5 
+ и: ] dt. 
cos pip cos ^ B T (64- 9) 


4, Tf(R,,©,) denote the components of magnetic force in the 
directions + and 9 in the disturbance outside the wedge and (R,, 6,) 
those in the directions 7, @ in the disturbance inside the wedge, we have 














| 1 Z , Z 
і. = 22, › dpQ)9.— 92: , 
| 1 ðZ з 2 Е 
=н, = 97, fp, 6, = one : 


06 ' 


Bas Ка being the magnetic permeabilities ot the two media. 
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Since at the boundary of two media, the tangential components of 
the magnetic farce must be continuous, we have 


R,—R,—0, when 0=0 and 0=8. | 


This gives 
ФА , C—D + C—D = Р 
Py Py Ра 
that is, C— D Ар, (и, +. RN 


РА 


The condition that at Ње boundary between two media the normal 
magnetic induction must be continuous, that is to say, 


p ‚—р,® 9, —0, when 6=0 and 0— f, 


is easily seen to be automatically satisfied. 


Also as r tends to infinity 


Z,— oth, [7 cos (0—0) + V t]. 


It will thus appear that the above expressions for Z, and’ Z, satisfy all 
the conditions of the problem and it will also di seen that we have 
used one more constant than are actully required for the solution of the 
problem. We can therefore impose one relation between C and D. 
consistent with the conditions of the problem. ‘We can therefore 
assume | | i 


C+D=4—1. 


Thus we get 


C=i(A— -p- Abs be i А 
- NS 5 
(et ope quà 
D=3(A—1)+ P EE NM T 
Pitre 
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We:thus finally obtain the following expressions for Z, ава Z, 


E 


oot fy’ 

















(gr 4 № 
Qm ai KL б cos CFV, t) ees sin — : 
2B E cos $- СУ (6—6') 
sin $ 
| „к ]« 
2 ‚ COR = cos 1E 
oity 
+ 21 KL ‚(© cos (+ V0) [ fa (АГ – She } sin F 
2B | cos TE— сов 7 (0—0) . 
"EE ко. 
ae 
QU As sin 
. COS x EIE 
; + (A—L l wif. 
й,= áf F(r oos ¢&+V,t) Г GO DE] mg 
oot + у ~ ра $- бов 3 (6—6^) 
EM Sop s Ак, | zi 
+ ( (А 1 „ү. sin 81 at 


| cos тб cos T(g 9 
B p T0) 


For the absolute determination of À we have to equate the energy 
contained in the primary wave with the energy contained in the 
disturbance functions Z, and Z,. This will give а linear equation. for 
the determinatiqn of A. 


When the wedge is :perfectly conducting, we have 2, =0 At all 
points inside the wedge This gives C=0, D=0 and AX =1. The 
expression for Z, then agrees UE the well-krown solution for a 
perfectly conducting wedge. i 


1n the particular case when the dielectric properties of the two media 
differ very little from each other, the expression for Z, becomes 
considerably simplified, as we have already seen, for we can then neglect 
all powers of k, —k, beyond the first ' - 

The modification to be made in the treatment given above for the 
associated problem when the magnetic force in the incident wave is 
parallel to the edge of the wedge can. beieasily obtained. ` 


5 % Д 
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On a geometrical treatment of the scattering of 
light by a perfectly reflecting cone 


[With а Plate] 


BY 


ABANIBHUSAN Datta 


[Read August. 31st, 1919] 


$ 1. The present paper is an attempt to explain the form of the 
diffraction fringes observed when a perfectly reflecting cone is exposed 
to а, point source of light by a geometrical method which though not 
very accurate from the point of view of the wave theory is still found 
to be capable of explaining the phenomena. If the diffraction fringes 
` are photographed on а plate placed behind the cone, it is found that 
the figures are. approximately a series of hyperbolas -having their 
asymptotes parallel to the two lines which are the projection of the 
cone on the plate. This will be evident from the plate annexed to this 
paper whieh has been kindly lent by Pres. C. V. Raman to the present 
writer. 


ПА rigorous mathematical theory of the problem of the scattering 
of sound waves by a cone has been given by Prof. Carslaw.? But the 
solution obtained by him does not appear to be sanly amenable to 
numerical caleulation. 7 - х 


І wish to express my obligation to Prof. S. К. Banerji for the ^ 
many valuable suggestions, I have obtained from him regarding 
this problem: - 


$ 2. If A be the source of light, a ray falling on the surface of 
the cone at the point B, will be reflected in the plane contaihing the 
ineident ray and the normal and making an equal angle with this 


1 "Math, Annalen, Vol, 75 (1914), p. 148. 


208 ABANIBHUSAN DATTA 


normal as the ineident ray according to the law of geometrieal optics. 
Whether a point on the reflected ray coincides with a maximum or 
minimum intensity will be determined by the path difference (AB 
+BP—AP). If we put this quantity=nA, where А is the wave length 
and n is апу integer and if we determine the locus of P, the locns 
will correspond to a curve of maximum or minimum intensity. This 
locus ean be obtained by a simple geometrical construction. If we 
conceive a set of confocal ellipsoids of revolution constructed having 
the points A and P as foci and AP as the axis of revolution, one and 
only one of this set will touch the cone at the point B. Conversely, it 
follows that if we construct an ellipsoid of revolution about an axis 
AP having A as one of its foci and touching the cone at the point B, 
then P will be its other focus. Now if k be the major axis of such an 
ellipsoid of revolution, and e the eccentricity, the expression for the 
path difference can be written in the form'k—ke=nd, It is therefore 
evident that if we construct all the possible ellipsoids of revolution 
which can touch the cone, having one point A which is the source of 
light as a fixed focus and a variable second focus P, the locus of the 
variable focus P will be a curve either of maximum of minimum 
_ intensity. | і 


$ 3. Let the vertex of the сопе be taken as the origin and the 
plane deterniined by the given focus and the axis of the cone as the 
«y-plane. Then the equation of the cone can be written in the form 


feo by? =0 .. (№) 


Let the co-ordinates of the given focus be (a, 8, 0) and those of the 
variable focus be (a, b,c). Hence the equation of the ellipsoid is 


Seay FUZI Fe И Сеа) (УВ) Fe =H 


On rationalization, this is equivalent to ' 


Aet {(a—a)* — he) чу Ване в) By (В) 


-FSza(a—a)c--Szy(a—a)(5 В) Чао +y(b—B)+ zc} 


{kt + (a +89) — (а? Hb 4 *)] + 8k" Quo By) +UA — (аз +B?) 
— (a? Hj c*)]* —A (et 4-*)]-0. .. @) 


, 
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Let the- discriminant of (2) be A, and A, B, C its leading first 
minors, Then : 


x A 2 64k —(a—a)*—~ (bf)? 08}? s (8) 


r 


A=16k* {kt — (0-а) (b— 8)? —0? Ц ~-(a—a)* —(b—B)* са — Aaa]. 
For brevity let us put NI —(a—a)* — (b— 8): —c* Е 


Hence A=164*N(N—4aa) 
| B-l16k::N(N—408) b^ o (4) 
C—16k:N*. > SP 
The second minors (a, b, c, d, l, т, n on the left-hand-side having their 
usual meanings as constituents of A) are given by 


24 


‚ ad= [NN 08) 4з]. NO 
bd— mi = а [NN — -4aa) —a*c*] | М E) 
od-—n? — AR(NQS daa — 488) Над)" 


$. 4° The condition that (1) should toueh (2) is that the 
discriminant of the biquadratic 


ASA 304-10 HAO + Д’=0 „. (6) 
should vanish. where, on caleulation. | E | шз 
А=А, 


o= LIENIG} 2N- Ар | ) 
$=—4 ГР) —4(2faa+ fB +bB)N —4о (fa? + 8%у—4/(а8—5о)*] | 
©! zz f (i? + (a? -- 8) — (a? +b? + с*)} * — 4k? (a? + 8*)], 2 


te 


Ка КС 
А’ =0:. © Ys. © 


The diseriminant of (6) on simplification reduces to 


@'2 (9*** —40:9 +18 ее. 27APO—ÁAAS] _, 1... (B) 


. 


t 
` 
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But since @'-40 (that being the -condition that the ellipsoid passes 
through the vertex of the cone which is a particular case), the condition 
reduces to vanishing of D, the expression ‘within the bracket in (8). 


§ 5. Now k—he=nnd - 





or * Аел УПО Ве teat 


Hence the locus of (a, 5, c), the variable focus, is obtained by eliminating 
k betweeit (9) and D. Neglecting the common factor 4951? (k? —(a—a)? 
—(b—B)?—c?}? іп D, we get the.locus to-be a surface of the sixth 
degree. Onsuch a surface therefore, the light is either minimum or 


maximum, 
$ 6. Section of the locus by the plane y=constant is obtained 
by putting =d (say) in D. : From (9), putting dd, - - 


bi — (a—2)! - (4B)! c eM Ува 


=М (зау). Уа v oa (10) 


- 


Eliminating k by means of (10), leaving out the common factor we get 


A=—64M?, O=16M{M( (+2) —Afaa— 4}, 


=~ 4(M* (9/1): 4M (faa + fdB 4- dB) — 4c* (fa? + B*) —4f(aB —da)*], 


 ®'=/[М*— (448-4404) М — (af — da) * —4e* (a E B*)]. | 


‘Now, when the focus А is at infinity (Z.e., when the rays of light are 
parallel), a, 8, and М are all infinite and we can put for them Гоо, moo 
and 2nA.co respectively. Then leaving out the common factor in D and 
dividing by (оо)°, we get the locus in the form ` 


х) =O, 2D, ? — 4973 —8210, 30, 2-362140, 0, 0^, —10822A*0,* —0, (11) 


К 
x * 
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where 
9, —2uA(f 4-2) —4fl — 4dm, 
Ф,=4нь%\° (2f4- 1) —8uX(2fi oh fon d dm) — 452 (f° +m?) —Af(m—dl)*, 


O' —f[4n*A* —8nM dim + 1e) —4(xm —dl)* —42?]. 


By giving different integral values to », we get the different curves 
eorresponding to maximum or minimum intensity. 


$ 7. Since nà is in general a very small quantity, the "ast, three 
terms in (11) ean be negleeted in eomparison with the first two and 
the section of the locus by the plane y=constant is therefore 
‘approximately given by 


9, *Ф,*—4Ф, 3 —0, А 


or $,*(0,* —45,):0 


The second degree terms in (O,7—4®,) are 


16(#? +m? (fe? +27). 
Hence ©,?—4@, =0 represents a set of hyperbolas, the directions of the 
asymptotes of which are fe*--2* =0 which are the same as those giten 
by the section of the cone by the plane. 5 


1% appears that the curves represented by Ф, *:=0 do not belong to 
the particular phenomena discussed in this paper. . 


$ 8. Now if the light is supposed to come from a direction 
making an angle of 60° with the axis and if the cone is supposed to 
have a semivertical angle of 45°, then f=—1, l=4, жи, Let Az 
-0006mm, n=1,-d=10,000 knà where k= 4/3. For these substitutions, 


©, —2.— 935-9988 
$, —32?—22: —85-9952a--107 9999. 
Hence 9,?—4b, 3 z? —:* — 108—0 E .. (12) 


* 


E 
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and the direction of the asymptotes of this are given by 


x? —z? =0. Jae 


-It is to be noted that by giving, to в, the values 2, 3, 4 ete. in 
succession, we shall get a series of hyperbolas which correspond to the 
eurves of maximum or minimum intensity. - 3 


Ame 


A Note an the Deformation of Surfaces 


‘BY д © ж, 


- BHuPATIMOHAN SEN 


[Read August 31st, 1919) . 


It is usually stated in the standard works on Differential Geometry 
that the problem of deformation depends on a partial differential 
equation of the second order of the Monge—Ampere type. Given the 
Cartesian co-ordinates of a surface in terms of two parameters (u;v) ib | 
has been proved that each of the co-ordinates satisfies the differential 
equation 


„ 
(#,,—2,T—z, А)(@,„—,Г”—х,„ A")—(z,, —r,I'—7, A’) 


—k[V* (ба, Эт, Es, *)].. 2. @) 
[Forsyth, Diff. Geom., p. 363] 


When one of the co-ordinates, say r, has been “determined Љу this 
equation, the others can be determined by quadrature from the 


equations < : 
E ? 


e,t Hy Fz E, «e = 
v,* Ну, * +2, =G, < E be є— (2) 
ats PetyiYotey2,=F. 7 | БЕ 


But there is nothing to shew- that the values of y and'z thus obtained 
after the substitution of the es of v willsatisfy the Monge-Ampere 
equation which must be satisfied by the Car tesian со- ordinates of all 
surfaces having the same E, F and б. ce 


The orthodox solution of the problem of deformation is therefore 
incomplete. In fact it is of doubtful value, The equation of deformation 
is а necessary but not a sufficient condition as will now be shown, 
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The real solution will be obtained by eliminating two of the three 
independent variables in the simultaneous equations 


| SUP RASSES 0C ' 
аузы ууу» b zm, | 
ty? уа Hz, = 
But the straightforward elimination is impracticable. 
Let us introduce the new independent variables D, D', D" given by 
: DzXeo,,-FYy, Zu, 
р'=Ха,,+Үу,, +, г, « (8) 
риа, + Yy, + Zena | 
| z 


X, Y, Z being + 


Yo 23 


21 o8 "a gy 
and о" 
„Ра Ye 


, where 














г. @„ 
У=+ Ув, 


"We now look upon the whole problem from the stand-point of 
differential equations. 


From equations (2) we obtain by differentiation’ | 











E | F E | 
Xeon ge , Зе и. = au? 2: , | 
E G | 

Зе, TE РЕН ge ; Р (4) 
90 ,. _, aG | 
Xn в Sy Su Xeon. DU ] 
Solving for z,,, 12, 2,4 between equations (3) and (4), 

slc, Аз, БОХ, 
аа To, + Ar, ОХ, А ... (5) 


taa Г", + A" e, + DX. 


! This is the standard method for the deduction of the Gaussian and the Codazzi 
relations, It has been repeated in outline for emphasising the analytical stand-point, 
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Using now the conditions of integrability of the type 


a, \ Ө, | 
| 8v (г ,)= õu (tia), = $ 


we get the three fundamental equations first obtained by Gauss and 
Codazzi : 





рур" герр ав у вај 
үз 2V (ðu LEV ðv V Ou 


ә (Dy- 8 (0 n D goa D D 
&, (¥) $. (v) +A y AA =O 


ө DPN 3 7D „О о» D! р" _ 
ay (v) S. (v) уат y 


These equations in the new independent variables are therefore 
necessary. 


Is will be noticed that the Monge-Ampere equation of deformation 
is obtained by substituting the valnesof D, D', D" obtained from (5) 
in the Gaussian Equation (6), 


Kaftan ar A j rasne T n A") eann IA] ... (8) 
ху? 





- 
. 


апа (XV —(yny—9.5* 
—(yi* uu?) * nt )9 iyi? 
=(Е—«,*)(@—+,?)—(Е—т, я, )* 


=У1—[6, 3 —2Fe, v, Er?) 


This ugrees with the result given in Forsyth's Differential Geometry, 
р. 363. ae ~~: 


gie 
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Substituting for D, D', D" from equations (5) in equation 7(1),, w 
have 


ð Ga) E д. naa) 
8v УХ Ou ( VX ; 


| An (tie Pw А EE А) 
ре) e rn 


^ E - - > 





н (yeaa) oa. е 





1 e $ у : > 
or, ух [animis T— С A И ++, Pe A’ 
toI" +2, А’, + ата Altay, * A —A" (a, Y 4-7, A) 


à +2A'(r I+ Un А')—А (r pe, A^] 


2 


| 1 5, д (УХ 
OR acs заў» [т-а д | s ) 





aM 


1 (ses PH, au] iA) _ 
Hyry: [4 pl +.’ | лан 


_ Co eff. of x, SEX EIU A'— Ө log VX р 


=ô lgV 0 log УХ 2210 log X 
Bu Ov 8 Ov 








- [Eisenhart, Diff, Geom., Equation (3), Chapter V.] 


Со-ећ, of а, 4° ‘VX=—T— Е 14, 9 log (УХ) 


| ^. ди 
oghie Dew uos 1А 9. log V. 49.105 УХ VX-__ 8-log X- 
a "e pa БЕ Е 


. i 
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Co-eff of x, VX 2 —T, FI", — A"TE2A'I'- ДГ" с: з of ee 
g^ ` pr O-log VX _„ ð log VX 
Ov Ou 


=—T,+I",- A/T--2A'T'— AT" 


pi Ole X pas) — О xcii 
8» Dl oe $. 
х 





pO log X г 9 log 
v 


р ——TD,-I", +AT— AT” + 
| Qu 


СЕ. кърд ов X. p 9 log X Р 
Ov On А Е 


[ Eisenhart, Equation (11), Chap. V] 
using K to denote the right hand side expression of equation (6). 


‘ 


Co-eff. of =. VX=—A,+A',-AA"+2A"—AA" 


9 le NA л’ 9 log УХ 
РА Ov "e EET 





=—A, +A +2AA"+ 2A" +A m" T 


РА 





9 log 
^ 8 Эн Zerga} 


——ASEA' AA" AU HATATA log’ Хд 9 EX 











Equation (9) therefore becomes 


9 ET x ЕЕ = КЕРА pona E [ ri ] | 


+K(Fe,—Ex,)=0. „. (10) 
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We have seen that 


Kaa] Ent PP бл, -1—4(2, . 


(v) standing for Beltrami’s first tlifferential parameter. 


Similarly from the second Codazzi equation we obtain by the same 
substitution 


[м BE [aura 


е +K(Gr,—Fe,)=0. .. (11) 


The three equations (6), (7) in the variables D, D', D" or their 
equivalents (8), (10), (11) are therefore necessary. 


"To prove the sufficiency of the three equations (6), (7), we fall back 
оп a theorem proved by Bonnet. Не has shown that if six functions 
E, Е, G, D, р, D" of two variables я, о аге given which satisfy the 
Gauss and the Codazzi equations, a surfaee can be determined unique 
excepb as regards its position and orientation in space having 


Edu? +2Fdu dv --Gdv? and Dau? + 2D'du de-- D"dv? 


as the first and the second fundamensal quadrated forms respectively 
and the determination of the surface. requires the integration of a 
Riccati equation and quadratures. 


[ Eisenhart, Diff. Geom., р. 159.] 


It is clear, therefore, that any soluzion of equations (6) and (7) will 
determine a surface deformable into the given surface. 


On the stability of two co-axial rectilinear 


vortices of compressible fluid 


BY 


В1вниттвнозах Darra 


[Read November, 16th, 1919] 


А 
The problem of the stability of the circular forms of two co-axial 
rectilinear vortices of incompressible fluid has been completely sloved 


by Poincare.” 


The. object of the present paper is to extend his 


treatment to vortices of compressible fluid. The case, when the two 
vortices are outside each other, has been fully discussed by Dr. Chree* 


and'by myself. 


Taking the vortex to be parallel to the axis of z, the volocity 
components (v, v) at any point (r, y) in the fluid are given by? 


hence ` 


where 


, 


-.89 0 ix (1 
dme Bu? (1) 
—— 9$ 3Y 

v= ду té. E 


V,’ p=, V ym 


ôv уә» a gat 
+55 Batt By 


and V,?= 
7. : 


Then by the theory of attraction, 


ф=— M 8 log v d/dy', 
zm 
—1 ow r datdy! Ў (2 
t= С log + ау, is ) 


“1 “Théorie des Tourbillons," Paris (1898) p. 165. 
? “Vortices in à Compressible fluid.” Mess, Math, Vol. XVII (1888), p. 105. 
з Vide, Lamb's “Hydrodynamics” 4th Ed. (1916) p. 218, 
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Dd 


0 and © being. respectively the values ої 0 and £ at the point (4, y') and 


ds tle) yyy | 


the double integrations include all portions of the plane зу for which 0 
and ¢ do not vanish. 


The equation of continuity 18 


(d Dp 
р рғ +0=0, 
Therefore- $— =|; 1 ra loe r da'dy'. 


Since @ апа ¢ are functions of distance from the centre we have, 
by the application of the First Mean Valne Theorem, for circular vortex 


of cross section с 


meni c Dp . 
oe: — —*° log 7, pee (8) 


where p, and £, are the mean values of the density and vorticity 


defined by the relations 


poe ff da'dy', £e [f£ Чу. 


* 
Again the equation of continuity is. 


Эрос __ Йй 
"DE 9s 


бо, 1 Dp, ,1 De 
m = LA cO. 
ms | аи uec 


Since « always refers to a definite column of fluid, there 15`по difference 


between . 5 and the partial differentia! co-efficient а. . 
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Thus for a truly circular vortex of radius a and cross section о; we 
have, 


е 
when r»&, 


1 do, 
) $%=—5- 5; log n, у, = g; 057 ; 
3: | р - ~= 
aud when r«a. ° А 
1 de , k x 
` фо Sa А А ri, E 29 P 


dra? di `e “dra? 
where & is the strength of the vortex. 


Consider two.coaxial cylindrical vor tices C ёла C^ of radius a and b 
and of vorticity бала 2’ respectively. Suppose С to be inside С. Now 
let.the cross sections of the two tubes be slightly deformed so that at any 
instant, their boundaries, are. given by Je de , 
т=а- (а, cos п0-+ B, sin n0), | е (4) 
r=b+ = (a, cos n0-- B, sin ай). j 2 (5) 


Then we shall have, from the continuity of ф and y, and of radial and 
tangential velocities at-the surface, for О; 


when r<a, 


== k P] DNE Б. „ $ » тү". 
| y, =const Qu e -X xe (a, cos и0-+ B, sin n6) (2): 


ф. =const— > — de. 3. 


"ш, P dons Cos m sin no) (2 y 


when r>a ; : U 


iy 22 k CY k 5 . а\" . 
y e =const+ а log r— X i (a, cos 0048. sin 10) (5. | 


vi g s=const=g 42 log +} +3 ma cos 10 -- В; sin nd) (2 гу, 


өвд гб: T^v Cue | eS ЫА 
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when ғ «b, 
! П у S 
V..'zconst4- i» 025 2 (a, ens nO +f’, sin nO) G) 


1 че, 1 de’ 


decent з, "+8 ууу (©, сов w+ A, sin a) (Т), 


when rb, 


V. roscops Б. log "v —X xs (o, cos 40 + В’, sin u6) С): ` 


xs di 


9. const 1-05 log r + X.— do” (а'„ cos nô + В’, sin 26) (2): 


Tf H denote the radial velocity of а point on the cylinder С and а® 
the velocity perpendicular to the radius vector, we have from (4), 


7 t 3 (5 cos nô + at sin n8) —XuG(a,'sin n0— 8, cos ид). 
А | 


(6) 


rey 


Since powers and products of the small quaftities a., 8, are to be 
neglected we may take in (6), 


Gee" Б " .. (7) 


Эта? Imb? d 


We have also е 





=) — ду. | 04. "iT ду. ' _ 9+. a ас! = 
a=- Fa or — 900 ar bono c) 


where r is to be put equal.to. а+Жеа, cos п0+ B, sin nO) after 
differentiation. ; 


The two values of Qt given by (6) and (8) must be identical. The 


terms independent of @ simply verify the known result a = 2ra 
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x. Equating the co-efficients of cos 26 and sin nô, we get 


e 
Б У 
. i 


d = = eg : | 
TN (= а? +) "a be P. j | 
| 
9 
! 





ГА 


1 de _ зз dol Й 











Li 


^ tane ds EE dp О". 
= MIN (9) 
s s , K ee ДЕСЕ 
A жез Уаде) oS Seq Өт С" 
` 1 dec є" ii do! : | 
| Tas К ge di 0 


where e=a/b. Sinilaly £ A om the gondition to be шыш at the surface 
of the vortex C' we get the equations : 


Па, TR k | aii j 
"di » (args ук + gO Bat вг 


1 de iiu oe 
_ 2b? dt. " 9ma? dt CU 


| (10) 
= М Еа k ata FKF x А 
P tans) * " ‚тай ". Эта" 
Р 1 do 


" "n do 
Sb? dpt uas qp Pn 


| 
| 
| 
| 


For abbreviation, put’ 





aa tN K Ж A R=, 1 de " a 
ve Pe is tea) du c LA Ee a 








! 
К | , : | (11) 
к, ГЕ. ЫМ sk yol det 
kis men Е - Idus t= Serbie 36е лени . 
и, NE oe an aa). 9 gaat? к -2тЬ? dt d , 
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The equations (9) and (10) can, then, be written as 


E —fB. +08’, А (a, —e" ta'n), 





dt 


0j «Puer tiee), 
| (12) 


. 
теү 





E do! , — рр! ! hlemm П 
к di =FR a +9 В, the а, —a!,), 


i 


ЯВ. ра, уа, (1 3, B's). J 


= 
| 
1 
i 


аё - 
Denote " X 
uza, tiban) =, ROB, 
s. (13) 
v—a, —if), ; v'=a',—ip'. ; eed 
wheré + ї= /—1. 


Then from equations (12), we get 


ШЕ (h —if)uz (h'e igw, 


(инфе ig), 


"ul (14) 
3i FO E yu (ttt 10) н, 


E t aif Je — (het? ig^). 


Eliminating и between the first and the third of these equations 


, we get 


Ih 4-2 dt . ih 
Т : 5j fa aipu? Једне 4% шо, 
[ Ven! ag З 





we 
#2 
[^H 
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$ . 
and similarly we obtain the differential equations for и, v and v' as 


d E JO —if')dt FA oM" "T f(h—if)dt Е 
di | Weg gT” +)» Jro Lr )ve YA =0, 





WAH) а qe № 
| onm E: m uy | | E 


r к-р 
ett ág)u'e =0, 


— fk +if;dt * 
a [ RETI ү z d J Ё 


—f(h' +f dt 
+ (Ве фр G кч) =0, 


Simplifying we get the differential equations for the determination 
. of w ш, v, v' as 


2 
| дщ +рй " Qu, 
js IRI +Si= - “г АВ 
ra dr eue 
аи ү Lp d © Q'u'=0, 
d? v ? = 
"dit TERS 2 +8 


where 


P=) -i-i (Меч) реа hay) , 
=A=) — Gen iy) diet —ig) 


Rei) OC eif) ® (he Lig) tet —ig) , 


В (hif) Wif e Hig) (Ne tig); 
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Qe: —ig') (Wer +iy)— (HF) 


удар (Wer? Fig eig) 


` 


Q'zz(Me" ^1 41g) (he" 71 — cS ; КЕ) 


АР) р) +® (ће — ig’) (к), 
G М @ 


S-— (ers —ig (Ie iy) i (V +f) 


— (h HAUG a l (We "=i tg/ (Went —iy)}. 


S (Mei —ig)(he*7* "ma n di (h'—iy") 


(п) (UV +) +5, (e^t ig) et ig’) y: 
(16) 


These are equations of second degree with variable co-eflicients and 
аё the present state of mathematical analysis they cannot be generally 
Solved. But that will not deter us from the discussion of our problem. 
For the necessary and sufficient condition for the stability of the circular 
from is that ws and B's, therefore и, «w'..must- be expressible in the 
form! 


ep 
where p is a real quantity. 
Now take the first of the equations (15), viz, 


я; 


"um vu ap dpi Qu. 


^ 


This can be*trausformed into the form 


P lec ‚. (17) 


2 Poincaré, Le. р. 169, 


STABILITY OF TWO CO-AXIAL RECTILINEAR VORTICES 


where : EDT —4fPdt 
, . 4P 
and I=Q—} ü —1Р°. 


QT 


as) 


(19) 


Now P is а complex quantity of "the from B + ; hence we conclude 


that the motion is unstable. 


2 


Put ao, =, =0; so that there is only a single compressible vortex 


of radius b. then, from (11) 
WE HN AUS. 
i 2rb? РО ‚ тб? du Orb? dt 
_ eg Shag!’ =0. 
The equations (14) then ie to 
K 


1 
ul =0 
2rd? ' 





Ж! 
dw 200—1), 


ЕЁ 
2тЬ? 


dv 
: dt 
whence 


+ (и—1) v'—0; 





t 


w= A exp. |н — 1) ES а}, 


0 


* t 
wd exp. < —i(n—1) Z dt 
2-b* З 
0 


where A is a constant of integration. 





Therefore t . 
a’, =A cos LT | ; 
\ е 
0 
7 
B',zÀ sin jet (2i ; j 
с 
0 


which agree with the results of Dr. Chree.? 


® Le, р. 112, 


asa 


(20) 


(21) 


(22) 
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‘Again let h=h’=0; so that there are two co-axial vortices of 
incompressible fluid. In this case f, f". g, у'...ате independent, of time ; 
then | 3 . 


РР): ВВ), о. (23) 


Q=Q'=99'—ff'; S=S8'=ff'—gy’. 


The first equation of (15) becomes “a 
d?u , И du А Пр zs 
3n TUE (gy ff )u-9. .. (24) 
б : tat 
Assume ue 


Substituting in the previous equation, we get the equation for а as 


D 


a? t (P. f')a— (gg — ff) 0. о. (25) ` 


The necessary and sufficient condition of stability 15 that а must be 
real ; therefore 


| Cf)! 4g I) 20, 
or | (f —f)? +47 7 0, 
substituting the values of f, f'g, g' from (11), get 
[£— (24-0) Cut FLY]? +4" 0 .. (26) 


which is the condition obtained by Poincaré.! 


$ Ley p. 172. 


On some Properties of Natural Numbers ; 
"BY. m 


Harrapa Darra 
[Read April Gth, 1919) ` ; 


Here in this note a few theorems, in natural numbers have been 
proved. The truth of some of these theorems may be perceived by 
merely observing the number when written in order of magnittide. 


Let N, M and P be three positive integers and N=M+P. And let 
us express them in the scale of another positive integer r. 


Nea, T+, ums kara, 


M= bur" +. ++, 


Рр БР, 
and 
^ 


. é(N)zna,7" + (n—1)a, 12" + Har 


The co-efficients а, b, с are all less than 7, 


= ` 


L | "Bad Xb--Xe, 
Le, у $ 2(6- с). 


_ И За>5(Ъ+с), then at least one of the a’s, say a,, will be greater 
"than (b, +с,) and the first (s—1) а’з are equal to the черик 
(6+2) 5. 1 
a, =b, +6, penny Q,- =b, T0673: 
a,b, +c,- . 
We have е2 . 
a,v* 4- ... a.v! +... а. 


zx(b, он)" si (Be е) ОЪ, Hes). 


Now Бу re-arranging the terms on the right of (b, +¢,)r', we obtain 
not only all the terms on the right of a,r* but also (a,—b,—c,) 1 ; 
for (b,+e,) v' (а, —b, —e,) v'za,r'. (a,—b,—c,) 7" has been 
obtained as the sum of parts of some or all the terms following a,v*. 
This sum is the sum of parts of co-efficients multiplied by quantities 
less than 7’. Hence this sum of the co- -efficients i is greater than. (a,—b, 
—c,.). Therefore 

Zac X(b-4 c). 


* 
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t 


- From this it follows that ` 
(1) а, =, +0, +1, . 


| (ii) if any of the a's is not equal to the corresponding (+) then 
. Xa « X 5+0) ; and vice-versa, 


(i) if Xe-X(b--c) then the a's are separately equal to the 


: corresponding (b4r^)'s. 
п." $(N) 4$(М)+4(Р). 
. Suppose - a, b, фе, зау Ebay + ел, 
ара . a $b, +c.. 


Ав a, is greater than (b,+c,) by unity, so there must be some 
co-efficient of (M+P), say (b,+¢,), which will be greater than a, by 
v; that is, a, E rzb, t Cp, and the co- -efficients of (M+P) between 
(b, 4-c,) and (b, --c,) must, be 


(à, -, r—1), (a,-, +т—1),...,(а„+, +r—1). 
И Ф(№) =А (ғ) 4-sa,7* 4-B(v), 
‘then 1 Ф(М)+Ф(Р) =А (к) sla, —1)7* +В) 








жее IU } -o-pe t } фри, 


Now | ¢(N)>o(M)+4(P), 
- if Ps Tr» (= M 1_ pet (14 =) y? e. (am) 
: 01 r—1 r—1 B 
Er 1 P i m" 
i.e., if (1+ =) > (1+ =) r”, 


(i) As s>p, hence $(№)>$(М)+$(Р). 
(1) If all the a’s are separately equal to the corresponding (b--c)’s, then 
$(N) —4(M) +P). 
| (iii) From (т) we see that the difference 


$(N) {Ф(М) +4(P)} 


б) А) 


which is a positive quantity. 
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As s increases and p decreases, the difference increases. The larger . 
or the more numerous are the gaps the greater is the difference. That 
is to say &s X(b--c) increases the value. of (Ф00)+Ф0Р)} decreases. 
The greatest value of 3(b-+-c) 


=@, 1) (as. 4r—1)4.. Fete D (a +) 


зоне) 


Therefore the least value of aom) 


=m- (12 = о а 








“ПІ. ^" The’ factors of natural numbers, when written in order of 
magnitude. which are of the form 7“ (where s=1,2,...), are 


- 


„т, ... т, to — 
RT 7, т 
Y, Y, ... Ty r? А e E (а) 


ngyrernn-. 


т. т, м. 70 


The first row contains the first :—factors, -the second row contains thé 
second r—factors and so on. The first (r—1) factors of all the rows 
are. The last factors of the first (»—1) rows are r?. The last factor 
of the rth row is ^5. Of the (7* —1) rows the last factor, of every rth. 
row, is 73, and the last factors of all the other rows’ are 7%. The last 
factor of the »?th row is r*. 


The sum of the powers of r up to the first v is 7—1 ИЕ 
> $ E Í ara 
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(i) In the product of the first М factors, the powers of r 


yet —1 


r—1 


^l r—1 . 


ишы ар А 


=a, 








EDT ES 
Е Ы pA 


In the joint product of the first M' and the first P factors the powere of v 





El бг+рР)— 21ү X(b4-c). 


r—1 


As: Xa X(b-4-c), therefore , - 


(ii) the product of the first М factors ıs either equal to or less than the 
product of any other M consecutive factors. 


(iii) if т be a prime number, then at once follows the known 
theorem, namely, the product of М consecutive numbers is divisible by М! 


That is, (ir) is an integer, where x is the first term of the M conse- 
cutive numbers. | 


(iv) If the highest power of rin the M consecutive factors be greater 
than the highest power of v in the first M factors, then the product of the 
M consecutive factors will be greater than che product of the first M factors. 


Let з wu, Thu, a bare, . 
and Мон”... +o rev, 
_ Suppose Шт 20 "ла, yey, 
and -> « Wy ur "feu, urn n, 


v, VII Sur. 
If v,.ur""* >b,7", then the integer (à ) ts divistble by r. 
(v) If M+ P=N-I, then 
. т 1 T 1 x 


Therefore 7707 o E(bEo-—Xa«(r—1l)(a41). 


* 
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(vi) More generally, to find the product of the factors of the form 


Si uw v. а 1 EJ 
т, !"* aT. which is contained in т 1, where the v's are prime numbers, 





(t) 
Let the product be V: Ta + J and the integral part of 
Yifg Ta 


be m. 
e 


$ A $1 7 ^ $$ 84 
Let 20 mm. фат bo. bar, 


t ta’ ty 
жрт, Bb. +... ть 

hy ka ky 
=", Eers, +... Бет 


* 


Hence 


ЧЕТЕ 
= т Е +. „а, ) 





fa 
T,—À1 


п, = 


m— L (bitb, t.b) 
rani: | 


(e, Tos + oto) : 





mots = 1 
тесу АД ту —1 


The eum of these factors 


IV. From (a) III, we bave .  .. | С 
The sum of the factors up to the first тае 
n | © rt +(r—1)r, " 


" = + 2(r—1)r. 


. ЕЈ р n — TURNS 
(i) The sum of the first N factors of (а. нс 
© = +(т—1)ф(%). 
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" The в вит T the first M. factors. 


=rM + (r—1)¢(M). . : 
The sum ae the first P factors | 
=rP4 (r—1)¢(P). 


(ii) As Emu 


hence thé sum of any M consecutive factors : 15 either equal to or greater than 
the sum of the first M factors. : T 


V. То find the product of all the numbers which are of the form 


Pi Р 
ry E x * and less than or equal to a pem number №. Neither p,, nor p, 18 


zero and both т, and v, ave primes. ` 


Letr,«7,; andthe integral part of х 


Бу, Б tb Б Hbg 
And Ў Ў 
"ә м1 


b, men, Tea 
bite +b, 0, +..., 


Bs 
bry? bd r+d, =6.”, - Tes 


del aa | 
bir, +...40b, 0,7, +... 


А s 5 v, 
The highest number which contains v, is v, v, 7 
. 8 2; 8 Фу 

for | Е T, a <. (er, +...) 


Un a 
«br, fi 


<n; 


° s а, +1 И: : 
but noc : >т, } @ +1), +} 


e 
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6—1 5—1 aw. 
The highest number which contains v, is 7, n 
e 


E 3 s—1 


for EE Ti ° < for, +. } т. 


<т, (т: b yr, 
* 
«ni К 


sl etl 5—1 И 
but ГА ть >т; (br, +5, +1): 


к М - - А >n: 


In'this way Ме can show that the produot 


~ 


a 415 bu (o, 1). ty (sky do. +1) 
== i^ X" br - т : $ } 


= 1 


Ti 


. 


we, dew, +I. 
sis e, (в | 


And the number of these pumbers=(. i da. Tee 2,). 


And thetr sum 


= ‚+1 1 (—1) EO 1 | ; 2, +1 
=r, 2 Dr No NC. та = 
а ту 1 * 7 -pl КЕР: 


For practical purposes, in finding the values of. v's, the following 
inethod may be adopted with advantage over the other. e 


-p . 
и i reed, Bes E EN 


> then the highest term containing 2 А 
8 Р el Es fal 4—1 а +р+Ъ1 . 
т. =”. Ti and Ty. з Een Ti | А . 


а ыы * 


PES Чч s—l 24241’ в x +l 
for | т, СА < т 
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. Similarly the highest term containing 


3—2 s—2 ny + 2p+l 2—3 5—3 2, Opal 
u Kra n and v, &n on 


and во on. ^ 


Now multiplying 
e. 


s—l ov, +р+1 D 
T, Pee by 7, (D=0,],...), 


we can find »,. In this way we oan find the values of other «'s. 


Я Pi Ps Ps 
. Vl. To find the product of all numbers of the formt, т. т, and 


less than or equal to a given number М, where 7,, r,, and r, are prime 
numbers and none of the p’s are zero. 


* 





Let the integral! part of 


" 


be M,. The product of all the 
17373 . 
рі Ps Pi Ps Рз Pa 
numbers of the form r, 7, , 7; № &nd 7, 7, and not greater 
than M,, are respectively 


i В фу, (у, +1) | Я (s pure (8) 
and 
| ЫМ бг. | 
| M, or, + 
qx 
=fr, + 
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Thus we get the numbers 


0 
" 5+1 
er Ttg. Тү. © s (4) 
got 
Туут Ta А ... ($) 
e 
| § 
58+1) 
and түт Ty -A-s .. (6) 


Let us denote the combined product of (1), (2), (3), (4), (5) and (6) 
by r,r,r, УСМ, >. 


Of these M; numbers, there are numbers which contain r,r,r, as 
factors. 





Let the integral part of M, be M,. Here we obtain the 


717,75 


product (7,7,7,)*¥(M,). Continuing this process we shall come toa 


number M,,, which will be less than 7,r,7,. 


Thus the required product 
=”, (М, )(7, 7575) YM)... 


1+ 2+ фт 
Отто ) OM, ) (nu num.) 


: т(т+ 1) 
zy VOL). OBL, ) rs ms) . 


Ав for example let us find tlie product of all the numbers of the 
Pi Ps Ds , 


form 2. 3. 5 and less than or equal to 9000. 
Here 
9000 — | 
435 rx і noe | * 
300 _ 


saa — z2*4.., 
gy =100=2+ 


50 sep воть’ 


e а *. 
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3 | Pi P Жу 
Hence the numbers óf the form 2. "9. 28. 9 and not greater than 
9000, are - : к. 


(1) 342.2.3.5; 39{2.27.29}#2.3.5; 3*(2.2:.25.2*.9*)2.9.5 
and * 8{2.9+.9з,2%.д5.д°9.8.5. 


NY Pi Ps i 
." Those which are of the form,2. 5. 2.8.5 are 
(2) 5*.2.2.3.5; 59{2.2?.29}3.3.5; 512.22.2°.2+.2°)2.3.5. 


+ Р» Ds * | 
Those of the form 3. 5. 2.3.5 are 
(8) 52{8.8°}2.3.5; 5{3.3*.38}2.3.5. 


Pi Pa Ps . ; 
- The numbers of the form {%, 3. 5 | 2.3.5 respectively are 


(4) (8.95.2393 .25.2*)2.8:5, 
(5) (8.93 .35.8«)2.3.5, 


б (6) {5.59 -59}2.3.5. 
_ Again 
300 10 
535 =10, EE: =8+2. 


Не addition to the above we have also the following numbers 
(7) 3.2. (2.3.5)* 
(8) 5.2. (2.3.5)? 
_ (9) (2.2*.25)(2.3.5)* - : ` 
| (10) (3.33) (2.3.5): 
(11) 5.(2.3.5)* 
(12) 2.3.5; (2.8,5)*. 


The number of these numbers is 52; the product of these 52 numbers 
149 107 84 
"** i2. 3. 5b. . 


* (afu. y. 2] 6]  abu-aby.abx. 


A Note on Whittaker's «Formula for the Solution 
of Algebraic or Transcendental Equations _ 


ВХ . 


Buoranara Par 
Ф 


In в recent paper, published in the Proceedings of the Edinburgh 
Mathematical Society (November, 1918), Prof. Whittaker has 
communicated the following elegant formula for obtaining the root, 
which is the smallest in absolute value, of algebraic or transcendental 
equations. Не has shown that the root of the equation 


0=а; ta vta, На, = Fa, “+... 


which is the smallest in absolute value, is given by the series 


a, ts 











а Og а, а Gy а; а, 
е 
в A, а, Qo а, а, Qs 
‚ 0 в a, O a, а, a, 
i 0 0 a а, 
= (1) 


This series converges rapidly when the'ratio of the smallest root to 
every one of the other poots is small. | 
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Ча the following note I propose to show that the method given by 
Whittaker can be used to determine the absolute values of all the real 
roots of an algebraic or transcendental equation. Supposirg a, to be 


| the smallest root and x; to be the next' higher root we can write 


Ф, == = 2, +, where h has to be determined. Substituting го -- В for а in 
the above equation and writing fiw) for the expression 


а на, гай." Hagi’ На, +... 


and then expanding by Taylor's theorem, we obtain 
LI 1 tt бав ae l.* $ ln x es 
ff (woh gf Со + EF Go sumo 


as an equation inh. Ву Whittaker’s formula the valüe of h, which is 
the smallest root in absolute value, of this equation is given by the 
series 





| `0 f f (æo) 
7 | Sra () 
where f (ж), f) мә mean Bee), да), 2 
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Therefore the second real root of the original equation is given by 


. v,-zseries (1)+series (2). . D 
` “ al 3 


This process can obviously be extended to obtain all the. higher roots 
one by-one. 


. 


Since the value of the smallest root has to be obtained from an 
infinite series the determination of this root will always involve а 
certain amount of error. This error will be carried on in the 
determination of the next higher root and so on. So that after a certain 
stage this method will fail to give th® value of the higher roots to 
any desired degree of approximation: - This defect in the method can 
be partially avoided by replacing the equation in its original stage as 
well as in the different transformed stages for the determination of the 
higher roots by one which has undergone two or three Lobatchevsky- 
Graeffe operations, each of which replaces the equation operated on by 
an equation whose roots are the squares of its roots, so as to make the 
series for the determination of the roots more and more convergent and 
thereby minimise the error as far as possible in each step of the 


= 


process. 
As an example of this method, I have Weta out the first three 
roots of the well known equation in Mathematical Physics : б 


6=tan б, 


or 
26" _ 46° | 60" _ 86° 100": 
ви jg WE ^" E 


or 


1—-16?---0035710* — -000066136¢ + ·000000750° — ... —0. 


Considering this as an equation in 0%, and using Whittaker's formula. 
we get the smallest root of the equation in the form 


6, *= 1045-56234 2/7727: 1.1428 + 483445 .... . " 


Taking sufficient number of terms and retaining only to the second : 
place of decimals, we get | 


0,2 20:90. 


Therefore, 
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' Then we seek’ the next higher root by the present method. The 
equation in h is 


— -0174+ -0009%— -00009% + 0000041 —...=0.  « 


Using Whittaker’s formula we get the lowest root of this equation in 
the form | 


ho =193423+11.6242-4'4123+2-7213+1.0215+ TT 


Taking sufficient number of terms and retaining only to the second 
place of decimals, we get approximately 


. | hyo 2389-51. 
Therefore, 
6,%=59°71 
or 
8, 47:72. 


Again to find out the next higher root, we get the following equation 
in À 


:0032— -00012h +4 - 0000167” — 0000037 +...=0. 


By the help of Whittaker's formula, we obtain the lowest root of this 
equation in the form 
',2296:6732-- 17-3213 --8- 4221 -- 4: 1245 4-1: 9234.4 .... 


Taking sufficient number of terms and retaining only to the second 
place of decimals, we get approximately > 


№ =59-28. 
Therefore, 
0,” =118:99, 
or 
0, = -- 10-90. 


Before Г conclude I wish to thank Prof. S. К. Banerjee for having 
drawn my gttention to the problem discussed in this paper and for the 
help which I have received from him. 


` Review! 


CULLIS’S MATRICES AND DETERMINOIDS 


University of Caleutta—Readership Lectures : Matrices und 
Determinoids, by C. К. Cullis, MA., Ph.D., Vol. І, t-att, pages 
1-430 (1918); Price 21 Shillings; "Vol. II, 1-24, pages 1-555 
(1918) ; Price 42 Shillings, Cambridge ; at the University Press. 


Fuchs: To study Modern Algebra I'm most persuaded. 
Meph- It was not my wish to lead thee astray. 

But as concerns this Science, truly  . s 
"Tis difficult to avoid the empty form, 

And should'st thou lack clear comprehension, 

Scarcely the indices от! know apart. 

"Pis safest far to trust but one 

And built upon your master's formulas 

On the whole—cling closely to your symbola. 

Then, for the weal of research you may gain 

An entrance to the formula’s sare domain. 


Fuchs: The symbol, it must lead to some result ? 
Meph: Granted. But never worry about results, 
For, mind you, just when the results are wanting 
A symbol at the nick of time appears. 

To symbolic treatment all things yield, 

Provided we stay in the general field. 

Should a solution prove elnsive, 

Write the equation in determinant form. 

Write what you please, but never calculate. 
Symbols are patient and long suffering, 

A single stroke completes the whole affair, € 


Symbols for every purpose do suffice. | 
Lasswitz, Kurd. 


The Tragedy of Faust, &c., фо. 

Аз Prof. C. В. Lanman of Harvard, speaking of the labours of 
a great oriental scholar, said :— 

* Seholarship moves like the tides of the sea. It is started by 
some great celestial attraction, some force moving in an ecliptie high * 
above the level world of letters (and of Science) and with gathering 
it eomes to its flood." 


х [t is regretted that space cannot be found for the whole of this excellent review 
in this number of the Bulletin, It is proposed to publish the same in two instalments 
in successive issues of the Bulletin.—8. К. B. 


. 
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. ‘THanks to the aiaa interest and leadership of the Hon’ble 


‘Sir Asutosh Mookerjee, Kt., M.A., D.L., the President of the 


Post-Graduàte Councils of Теа in Arts and Science and to the 
band of devoted workers his genius has collected, the Calcutta 
University has already tnoved to aneassured place in the world of 
letters and Science. 


Foremost among the mathematicians working in the field of Pure 
Mathematics is Professor Charles Edmund Cullis, M.A. (Cantab.), 
Ph.D. (Jena), formerly Smith’s Prizeman of the Cambridge Univer-. 
sity and Fellow of Gonville and Caius College, Cambridge, now 
Hardinge Professor of Mathematics in the University of Calcutta. 
And foremost among the mathematical productions in that University 
are: (1) A. R. Forsyth’s Lectures introductory to the Theory of 
Funetions of two complex Variables and (2) the remarkable work of 
which a review is attempted here. That work is an amplification 
of a course of lectures given for the University of Calcutta in the 
winter session of 1909-10. The student of mathematics comes 
across, frequently, in modern analysis, the term “matrix” and the 
fundamental laws of a matrix theory, but no-where does he find, 
search however he may, a complete and consislent calculus of matrices. 
“To give a satisfactory answer then to the frequently propounded 
question ‘what is a matrix ?’; it seemed advisible to Dr. Cullis to 
commence with some account of the Theory”; the result was that 
a decent volume of 480 pages was published in 1913, giving the most 
fundamental portions of the theory and concluding with the solution 
of any system of linear algebraic equations which is treated as a 
special case of a matrix equation of the first degree. The contents of 
the first volume can be broadly divided into two parts, vtz., the Theory 
of Determinoids and the Theory of Matrices. Tbe theory of determi- 
nants has hitherto Weld the sway and Sir Thomas Muir, the learned 
author of the two well-known volumes on the History of that Theory, 
has expressed а doubt (vide Mathematical Gazette for December, 1918) - 
whether the “Theory of Determinoid” as developed by Dr. Cullis will 


*eontribute to the advancement of science to the same extent as its 


fellow-subject, Matrices or its prototype Determinants. But the 


"*t determinoid” stands in the same relation to the rectangular matrix 


as the “determinant” stands to the square matrix and surely, it is 
incumbent upon a mathematician to give, a scientific treatment, of 
the most general case of the réctangular matrix and its content, the 
determinoid. The aim of the author has beer to construct and 
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develop the theory with а view to its extensive. applications im 
Algebra, Geometry, Applied Mathematies, Veotor Analysis and the 
Theoy of Invariants. But the theory alone has been so engrossing 
in its character that the applications have had to be put further back. 
The author need however make ifo apology for, nor the mathematical 
world should mind, the delay, We should recollect Dr. Hobson's 
correct summing-up of the position of a true mathematician and the 
appraisement of his work. “Ару attempt," says he, “to discourage 
perfectly untrammelled research in those parts of the subject that 
are most remote from practical interests, or that show least promise 
of fruitful application in other branches of science, would not only 
be a vítal blow to mathematics as an evergrowing science, but would 
ultimately impair its efficiency as an instrument. Mathematics can 
only flourish if it has full autonomy. The nature and direction of its 
future applications in pure and applied science can never be fully 
foreseen. It is, however, extremely probable that the services it will 
render in the future-will cover an even greater range than in the past, 
provided it is allowed to fit itself for rendering such seivices by 
according it full opportunity to develop itself in accordance with its 
own nature.” 


In taking stock of a recent work (Dickson’s History of the 
Theory of Numbers), Frofessor Lehmer very appropriately says, 
“Tn these days when ‘pure’ science is looked upon with impatience, 
ог at best with good-humored indulgence the appearance of such a 
book will be greeted- with joy by-those of us who still believe in 
mathematics for mathematics’ sake." The reviewer is in good 
company, when he expresses his firm faith that “no great headway will 
ever be made in any science, least of all in Mathematics, by those who 
are always looking for the penny." Не is also firm in the faith 
that as the years go by, the Matrix Theory’ (like the Theory of 
Numbers) will become increasingly popular, and works like Dr. 
Cullis’s will contribute in a large measure, to render that theory 
eminently attractive. The reviewer would proceed now to the contents 
of that work. 


THe DETERMINOID. . 


+ 


The first volume consists of a preface, eleven chapters and а 
complete and useful index. Each chapter is proceded by a summary 
of its contents—a new feature. It contains “the foundations of a 
Calculus of Matricesgin which the oparations are, addition, subtiaction 
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‚ог multiplication and the result of performing any number of 
these opergtions with any rectangular matrices whatever į is always . 
a completely determinate matrix. It also contains-an aæcount 
of the properties of the determinoid of a rectangular matrix which 
becomes the determinant „oË the fhatrix in the particular case 
when the matrix is sq “fe.” The book is so remarkable, so 
elaborataly written, so “logical in its methods and so much new 
ground has been broken that the reviewer does not feel that he 
needs offer an apology for entering into the details of each 
chapter and indicating some of the results arrived at. 

Chapter I gives an introductory account of rectangular matrices, 
of determinoids and a description of various abbreviated notations, 
both for matrices and determinoids, used in the text. Dr. Cullis 
writes the rectangular matrix of m horizontal and zs vertical, rows 
(notice that he drops the. time-honoured term “column” and rightly, 
T think) as 


41: Ча... Gyn 





А=[а) = 


Bey (3..0, 


Ceres а, 1 а 2 y п 


and the determinoid of the matrix ав 


ауу 


(а) =! G, 5.03, |е [в]. 
Я 
Other matrices ean obviously be derived from the parent matrix А 
by— : 

(i) А rearrangement, in «zy manner, of the vertical and horizontal 
rows among themselves without any row being entirely struek out. 
This is called a derangement of А. 

(ti) Striking out some rows of опе kind or of both kinds, leaving 
the others in the same relative orders as in the matrix A. The matrix 
thus left is called a corranged minor matrix of A. When such a matrix 
is derived by the striking out of only oue Arad of rows it is called a 
simple minor matrix. 

And (224) by striking out rows of one kind or of both kinds from a 
derangement of A. The residue is called a derauggd minor matrix of A. 
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The corranged and deranged minor matrices and the deran gements, of. 
À constitute, in their totality, the derived matrices of A. ‚А matrix 
is sain, to contain each of its minor matrices, deranged aid. eorranged, 
thus giving significance to the “root” meaning of the word “matrix” 
and illustrating to some extent tlfe remark of Sylvester -(one of the 
great pioneers in the theory of matrices) that “a matrix is a rectan- 
gular array of terms, out of which different systems of determinants 
(determinoids) may be engendered as “от the womb of w common 
parent ; these cognate determinants (determinoids) being by no means 
isolated in their relations to one another but subject to certain simple 
laws of mutual dependence and simultaneous deperition.” The object 
of the theory of matrices is to exhibit these laws and their con- 
sequences. 

From the definition of derived matrices, the author passes on to 
the definition of complete and incomlete derived products of the 
elements of the parent matrix (Sub Art. 3) and to the definition of 
a step (backward or forward, horizontal or vertical) (Sub Art. 4), 
thus paving the way for the definition of a determinoid (Art. 3), 
viz, that the determinoid of any matrix A, is the algebraic 
sum of a/ its complete derived products (a complete derived 
product being the product of the Jargest possible number of 
elements selected so that no two of them occur in the same vertical 
or horizontal row) when each product is subject to a rule of 
sign, the elements of the parent matrix being assumed, for present 
purposes, to be scalar numbers, and the order of the factors being 
immaterial. Dr. Cullis here introduces the term “affect” of a com- 
plete product which determines its sign. Thus, if a’, f’, у, 8)... аг 
the sums of the horizontal and vertical steps by which, counting from 
the leading element, we arrive respectively at each element а, B, у, 8,... 
' of a complete product afj8...beginning with fhe original matrix 
and then passing on successively to the matrices obtained by striking 
out in turn the vertical and horizontal rows which cross at any 
particular element, the number w=a’+/'+y' 
-FS'--...is called the affect of the product оу... 
and the sign to be attached to the latter is determined by (—1)". The 
question arises, is this rule of sign self-consistent? Dr. Cullis 
gives a complete proof, in small type, that the answer is in the 
affirmative. The determinoid and, itis proved afterwards, in Art. 
13, page 48, the algebraic sum of all the affected derived products 
of order 7 when 7 is n$t greater than the efficiency of the matrix aré 


"Affect of a product. 
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. tlius'shown to be definite functions of the elements of the matrix. The 
ground is now prepared for giving some elementary коше of deter- 
minoids. "They are— 2n 

(х) The value of а determinoid is unaltered by interchanging its 

. horizontal and vertical rows. Thus а deter- 

x e. ов minoid ean always be written with its long rows 

horizontal and two conjugate matrices (defined 

in Art. „5 but it appears td the reviewer that it might have been 

defined earlier, say, just after Art. 1 giving the definition of matrices 

of various orders) have their determinoids equal in value, although 
they, the matrices themselves, are generally different. 

. (#) А determinoid is a homogeneous Zear function of the 

elements of any long row. 

(20) If each element of a ong row of a determinoid is split up 
into the sum or differenee of two other elements, the determinoid is 
split up into the sum or difference of two other determinoids. This 
ean be easily generalized. 

(tv) Multiplying every element of any long row by a number к 
is equivalent to multiplying the determinoid by к. 

(v) If any two ¿ong rows are interchanged, the determinoid is 
changed: in sign but is unaltered in magnitude. Thus, when the 
elements of two long rows are identieal, the determinoid vanishes and 
the value of a determinoid is unaltered by adding to the elements of 
any Jong row the corresponding elements of any other long row, each 
multiplied by the same number. (Dr. Culhs uses in Sub Art. 5 of 
Art. 5, page 20, the word “quantity” which should more appropriately 
T think be number"). 

Chapter I is coneluded with the pertinent remark that “аз regards 
long rows, the properties of determinoids are closely analogous to 
those of determinants which are of course, a special class of deter- 
minoids." 

Chapter II deals with the «fects of the elements and derived pro- 
ducts of à matrix or determinoid. At the outset 16 is discovered that 
the affecís of the elements of a matrix have not 
been formally defined. ‘This ommission has been 
made good in small type in the preface to the 
first volume as Art. ба. The affect of the element a,, of the matrix 


[a] " is defined to be the numper о given by the equation e—(«—1) 
+(y~-1). (#—1) is called the vertical affect and (y—1), the horizontal 


Affects of the ele- 
ments of a matrix. 


e P4 
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affect of a,, the total affect or simply, the affect of æ., being their °, 
sum. This uus premised 16 is natural to define the affect, o, of & 
ы акч: of order т, viz, P-—z,2,...24...2,, to be d pes +... 
o, +...0,, Where w,, is the affect of the Sind z, in matrix ee 
obtained. frons the original matri& A by the suecessive* deletion of 
k—1 vertical and horizontal rows passing through the previous 4—1 
elements, :,, 2,,..:,-,. ‘This is, in Substance, the rule of signs 
given in Art. 3 of Chapter Г when applied to any derived product of 
a matrix or determinoid-instead of only io the complete derived pro- 
ducts of the latter. The splittingup of w, into two elements o,' 
(the vertical affect) and e," (the horizontal affect) is obvious, and we 
get o=o +o” where o'—2e,' and e"—Ze,". Clearly, in practice, the 
determination of affects of derived produets by the striking out of rows 
and the counting of steps is inconvenient and practical rules are required 
for simplifying the process. This desideratum is attained in Sub. Art. 3 
of Art. 8 in which rules are given which can be worked by the mere 
inspection of the relative postteons of the elements with respect to 
horizontal and vertical rows of the matrix and in the product itself 
In Sub. Art. 4 of Art.8, the important fact is deduced that the 
affect of a derived product when it is extended or completed, (extension 
and completion having been defined in Art. 6) is not changed ; 
whence it follows that the affects of all derived products can be 
reduced to the determination of the affects of complete derived 
products. Sub. Art. 2 of Art. 8 gives simple rules for doing this. 
In reading this sub-article, however, it seems to the reviewer, that 
the expression “horizontal affects” in line 5 of the second paragraph 
should be “vertical affects” and that the expression “vertical affects” 
in line 6 should be “horizontal affects.” Similar changes would also 
be necessary in the sentence of this paragraph which follows “verti- 
eal affects” in line 6. Further down also, .at the bottom of the page, 
(Ex. iv) the expression “vertical suffixes” should be replaced by 
“horizontal suffixes.” 


. Changes in the affeet of a derived product caused by the inter- 
change of two consecutive parallel rows and, more generally, of any 
two parallel rows of a matrix, are exhaustively dealt with in Arts. 9 
and 11 of this Chapter and eopiously illustrated. 


Changes in the affect of a derived prodaet by the interchange, 
in the product, first of consecutive suffixps of the same kind, and, 
secondly, of алу two suffixes of the same kind, are similarly dealt 
with in Arts. 10 anf 12. Art. 13 brings prominently to notice + 


< 
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"(as already referred to above) the invariance of the sign of a derived 


product—complete or incomplete. We are now ready for an important 
operation in the theory, viz. the reduction of any derived” ywoduct 
of a matrix M to a leading product (the reviewer misses the definition 
of a “leading product”) by forward? moves, the word “move” with 
the qualifications “vertical and horizontal," “forward” and “back- 
ward" being defined (Art. 14). In the illustrative example (0) 
below the Article, it is logically deduced that “the deferminoid of a 
square matrix,” as developed in Dr. Cullis’s Caleulus, is identical 
with the determinant of that matrix, as ordinarily defined. 


We have hitherto been concerned with changes, so to speak, due 
to the motion of translation of entire rows. Art. 15 introduces 
changes due to the motion of rotation through two right angles in 
the rectangular array called the matrix, round three mutually perpen- 
dicular axes, two lying in the plane of the rectangle bisecting the 
opposite sides and the third perpendicular to that plane, through 
its centre. The results obtained are important for future use 
and, for immediate use in Art. 16, which gives the results of the 
three kinds of inversion of the orders of arrangement of the rows of 


a determinoid, (a) =A They are as follows :— 


І. When the long rows are inverted :— 


m(m—1) 
Колу © RA 
IL When the skort rows are inverted :— 


m(n—m) +m ~~ (m— 2 
=(—1) хд. 


III. When doth sets of rows are inverted :— 
дт (- 1) (m) xA. 


Chapter III dealing Mis "sequences and the affects of derived 


sequences" may well be characterized as a ‘sim- 
Sequences aml their 


affects -plifying’ chapter and opinion may be divided as 


to whether it should not have found an earlier 
place in the work. А sequence is any linear arrangement of elements 
which are letters or numbers, such as:— — 


А — [a,0, ...a, ]. L] 
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lt сап, of course, be regarded as a matrix with only one long 
row and it is possible to adapt the definitions and some of the. 
dedWetions in regard to the matrix [Y .in the previous ehapters, 
mutatis mutandis to sequences, But Dr. Cullis with his logical 
acumen, works out a new chapter, an interesting one in Combinatory 
Analysis. Specially valuable are the results obtained, in Art. 19, 
concerning the affects of derived sequences which are of use in the 
following chapters, in view of the remarkable result obtained at the 
end of the chapter, in Art. 22, viz, the reduction of the affects of 
derived products (of a matrix) to the affects of sequences. Thus, “all 
properties of the affects of derived products of a matrix or determinoid, 
can be deduced from the properties of affects ‘of sequences." This is, 
indeed, a great simplification. 

Having dealt successively with the affects of derived products of 
a fundamental matrix or determinoid and the affects of derived 
sequences of а fundmental sequence, the author naturally passes on, 
in Chapter IV, to affects of derived matrices and derived determinoids. 
Obviously a definition of the affect of a derived matrix (which would 
be applicable to a derived determinoid also), is needed and this is given 
in Art. 28 in the most natural manner. If A=[a] be the funda- 


mental matrix and B=[a,,] be any derived matrix (page 3) of A, 


then, writing B in the expanded from in double-suflix notation as 


a а, а, 
туу “Уз. PYe 


a D a, a п 
ШУ "Уә Haa 


a a 
КЕСЕ Sa. 1 
the affect of the derived matrix B in the fundamental matrix А is 
defined to be the quantity о given by the equations :— 


o! —the affect of the sequence (x, v, ...2,] in the sequence [1 2...] and" 
is called the vertical affect of B in А; w’=affect of the sequence [y Ya Ye] Nt 
in the sequence [1 2...2] and is called the horizontal affect of B in А. 


| ozo +o”. 
But, if the definition is to be useful, «16 must make us independent 


of any particular, notation used in writing the derived - matrix. 
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Dr. Cullis therefore gives us two more differently worded definitions on 
page 88. | ы 
. Ав in the са e of derived, products and derived sequences, 50450 
in the case of derived matrices or determinoids, rules are given for the 
7 extension- and’ completion of matrices’ derived from a fundamental 
matrix and it is shown that the affect of a derived matrix is not 
altered by extension or completion (Art. 24), Art. 25 is concerned 
with several important theorems relating to the affects of derived 
matrices which are, naturally, analogous to the theorems in Art. 19 
relating to the affects of derived sequences. In Art. 26 complementary 
derived matyices are defined and the two theorems МПа and VIIIb 
of Art. 19 regarding complementary sequences are extended to comple- 
mentary matiices or determinoids. 


The reader is now fully equipped for dealing with the exp той 
of а determinvid which is dealt with in Chapter 
Eu mes ofa deter- V. Three methods are first given of such 
expansion, 95:.— 
(1) Expansion in terms of the elements of any given long row 
(Art. 27). 
(2) Expansion in terms of the simple minor determinants (Art. 30). 
And (3) expansion in terms of the simple minor determinants of a 
given long cut minor as defined in Art. 31 (Art. 32). 


Art. 28 gives only a glimpse of reciprocal matrices and determi- 
noids and the three examples appended to the article in small type 
give some relations which are obvious consequences of the definitions 
and the first method of expansion. 


Art. 29 deals with the properties of the short rows of a deter- 

oid. It is shown that the determinoid is 
in general, a ou-homogeneous linear function of 
the elements of any selected short row. 


Properties of short 
rows, 


It is also shown that in the case of the determinoid (4) where 
nis»: | 

(+) we ean expand the determinoid in terms of the elements of 
any given »—72--1 short rows, 7 


(20) the value of a determinoid is not altered by post-fiving an 
additional short row of zeros after the existing short rows, 
and (йг) the value is multiplied by (—1)" hy prefaing such an 
. additional short row. 1 
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All these results are consequences of the general theory of Art. 
30 in which the expansion of a determinoid in terms `of its simple 
ming determinants is effected. This is noticed below :— : 


Let A be any determinoid with m long rows and x short rows. 
Let D, D,. .D,...D, be the determénoids whieh can be'formed from 
А by the omissions of short rows. ‘hese are the corrauged simple 
minors of A which are determinants. , Their number is ч=(*). Then, 


* 


it is easily established, . 


w wg o, 
A-(—1) "D,+(-1) D, 4...(—1) De 


where o, is the affect of D, in A. 


This expansion, it is then proved, remains true when the simple 
minor determinants are deranged any way. So that “А determinoid 
is the algebraical sum of all ¿ts distinct simple minor determinants, 
corranged or deranged, when each of these determinants has the sign 
determined by its affects in the original determinoid." This is an 
important result. 

Art. 3l gives, (7) ‘the classification of simple minor determ?uoids 
into long-eut and short-cut minors (#) the definition of the reduced 
order of the simple minor determinoid and (22) the definition of 
of superior and w/fertor minors. 

These definitions might, as they cover matrices also, have come 
earlier say, in Chapter I but Dr. Cullis has obviously a plan of his 
own according to which he sueceds in making each chapter self- 
contained. 


5 Art. 32 gives the expansion of а determinoid in 
lizati f A . t. А 
ав: terms of the simple minor determinants ofa 
ment of a deter- ^ given dong-cut minor matrix:of the matrix of the 


minant. Poon Д 
derterminoid Setting 


A=[a] = det [a] . ; 


i Ма, | cn 


B=(5) "=a corranged determinant of order » formed from и by strik- 
н Ф ` 
ing out n—u short rows. 
1 - 
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° с 
_C=(c)=a corranged determinoid complementary to В іп A. 
P . e. 


. | j 
w=affect of B in A. 

We obtain : ` . 

р=тр—н g-—mn—u 


2 . o 
A=3(—1) ВС. 
The number of terms in the sum*is obviously (2. 

The proof given is lucid and logical and defining the cofactor of 
any minor determinant B (corranged or deranged) of a déterminoid 
(or matrix) A, to be the corranged minor determinoid complementary to 
B in д and affected with the sign" determined by the affect of B in ` 
A, Dr. Cullis arrives аб what mwy b: resided as а generalization of 
Liplace’s deveolopment of a determinant, vës, “A determinoid is the 
algebraical sum of all the products which are obtained when every 
distinct simple minor determinant of a given ‘long-cut minor matrix 
is multiplied by its cofactor.” Illustrative examples follow and 
the student of the calculus of determinoids will do well to remember 
the interesting result obtained in exapmple V (page 120), viz, if A is 
the determinoid 


йуу Aya Ayn 


then A=0 or (а) t.e., the determinoid of [a] , according as »— is 


even or odd. 


Below the examples on page 120 is given an important theorem, 
whieh is not given in bold black type as other theorems are. More- 
over; the theorem concerns. similar matrices of which no mention is 
made-in previous pages. It is hot till we come to Art. 39, page 153 
that we find similar matrices defined. : 


s А к 
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Art. 33 gives a striking theorem involving an importaut funetion. ` 
The theorem is S,=Ax Q г. , where S, is the algebraieal sum of all 
the mper superior simple minor determinoids of reduced order. м 
derived from a fundamental deternfinoid A with m long rows and x 
short rows, when each minor has its sign determined by its affect in A 
and Q' —X(—1),, the values of Æ being the affects of all possible, 
eorranged minor sequences of v—m elements derived from a funda- 
mental sequence of x—m elements. The function, then, of importance 
is @ and various properties of this are discussed in Art. 3%. This 
is printed in small type, probably, because it is somewhat of a 
digression from the main topic under discussion. This function had, 
16 may be noted, been previously discussed by Metzler in Vol. XXII 
of the American Journal of Mathematics as $(z,m) and it is so 


interesting that we may notice some of the properties worked out by 
Dr. Cullis :— 


In sub- article 2 (27) of Art. 34 16 is proved that 


Q= Q” ; m. 


теши 


Sub-article (8) gives formulae of reduction for Q . They are 


т 


mer fered т mer mg gn sen Be 
=Q +(—1) Q ur» Q 
m м—1 m-—1 ы m—1 
` ra m= 
» +(—1) 
т—1 


r- 1 1 m mr- 


-Q +(—1) Q +.(—1) Q 


. With the help of these formulae of reduction a tabular representa- 
tion of the values of the function for different values of m and a is 
given in sub-article 4. And in sub-artiele (5) it is shown that 


2n 9*1 is =(* ) 
gn gm4 
an е 


and that Q =0. 


е 2т41 
1 


ащ 
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After discussing in Art. 35. and 36 algebraic sums of (inferior) 


“short-cut.and (inferior) long-eut simple minor determjnoids of 
- given reduced order, obtained from the fundamental determinéfd, the 


author gives in Arts, 37 and 38 theorems which generalize the 
preceding results. These two articles contain an investigation of the 
algebraical sum of the products obtained by multiplying each affected 
simple minor determinoid of given reduced order, of a given simple 
minor matrix of the fundamental determinoid, by its с. rranged com- 
plement or cofactor. In ease I of Art. 38, 1.е., when both the miuor 


4—0 


determinold of given reduced "due А and its cofactor, A are 


m= 
— viale minors of the respective matrices, the sum is a certain 
N 


numerical multiple, viz., + Q' of the fundamental ‘determinoid. 
This elearly ineludes the result of Art. 32 and Dr. Cullis is justified 
in calling the result “a stil? further generelization of Lapluce's develop- 
ment of a determinant.” Chapter V concludes with seven pages of 
elosely written small type giving the formal, proofs of the three cases 
of Art. 38, the concerete examples, illustrating these three cases and 
just preceding the proofs, being specially valuable, as leading to a right 
understanding of the proofs which are not easy to follow. 


(To be continued.) 
А. С, Boss, 
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REPORT FOR THE,YEAR 1919. 


1. The gentlemen named below were elected officers and other 
members of the Couneil for the year 4919 :— 


President : . 


The Hon’ble Justice Sir Asutosh Mookerjee, Swaraswati, Kt., 
C.S.I., M.A., D.L., D.Se., Ph.D., F.R.S.E. 


Vice- Presidents : 
The Hon'ble Mr. Mahendranath Ray, C.LE., M.A., B.L, 
Dr. C. E. Cullis, M.A., Ph.D. 
Dr. Syamadas Mookerjee, M.A., Ph.D. 


Treasurer : 
Rai Bahadur Abinaschandra Bose, М.А. 


Secretary : 


Dr. Sudhansukumar Banerjee, D.Sc. 


Council : 


Dr. D. М; Malhk, D.Se., F. R.S.E. 
Dr. S, С. Bagchi, LL.D., Bar-at-Law. 
C. V. Raman, Esq., M.A. 
Satishehandra Bose, Esq., M.A. 
Manmathanath Ray, Esq., M.A., B.L. 
, Narendrakumar Majumdar, Esq., M.A. 
Phanindralal Gangooly, Esq., M.A., B.L. 
Surendramohan Gangooly, Esq., M.Se. 
Bibhutibhusan Datta, Esq., M.Sc. * cn 


2. During the year 1919 eight meetings were held against five 
in 1918 and six in 1917 and 35 papers were communicated, against 
17 in 1918 and 24 in 1917. | у с 
1 | . 
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' 3: Four issues of the Bulletin (viz, Vol. IX, No. 2; Vol. X, 


' Nos. 1, 2 and 3) containing 22 original papers, 2 reviews, 4 obituary 


notices and miscellaneous notes have been published in 1919 against 
two issues of the Bulletin ‘containing 11 original papers and one review 
in 1918 and two issués of the Bulletin containing 10 original papers 
and two reviews iu 1917. ‘The original idea of the Society of 
publishing four numbers of the Bulletin in one year has been for the 
first time realised this year. * The four issues of the Bulletin have 
been published quarterly in March, June, September and December. 
Each number of the Bulletin consists of nearly eight forms, that 
is to say, 64 pages and the four together forms a decent volume 
exceeding 250 pages. 


` 4. The year opened with the happy termination of the terrible 
war and an exchange of the warmest felicitations with the Societé 
Mathematique de France and other learned societies of Europe. It 
is to be hoped that the termination of the war and the inauguration 
of the reforms will remove at least partially some of the serious 
difficulties that stand in the way of scientific кш in this, 
country. ; 


5. During the year the world has lost à number of distinguished 
mathematieians. Professor Ulisse Dini of the University of Pisa, 
Professor G. Cantor of the University of Halle, Professor Maxime 
Bocher of the University of Harvard, Professor О. Henrici of the 
City and Guilds Technical College and Professor Liapounoff of the 
University of Petrograd have left their marks of impression as some 
of the greatest thinkers of the world. By the death of the Rt. Hon. 
Lord Rayleigh, the world has lost a great scientist and the Society 
a sincere well-wisher. Lord Rayleigh was an Honorary Member of 
the Society since its foundation and visited India some years ago. 
His death will be considered as a personal loss by several Indian 
workers for not a few of them have received personal encouragement 
from him. Ву the death of Mr. Chandra Shekhar Sircar, the Society. 
has lost a great benefactor and a life member. The Society has also 
to record the loss of Principal Ramendrasundar Trivedi who was for 
many years,a member of the Society and one of the greatest 
edueationists of Beugal. 


6. During the year the Society has received letters from several 
distinguished savants of Europe and America expressing their 
appreciation of the work done by the Society and. extending their 
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eo-operation and fellowship for whieh the Society offers its best . 


thanks. The Society bas entered into new exchange relations with 
sevesgl "learned Societies of Europe, America, Japan and Australia. 
The present exchange list of the Society contains more than fifty 
different names. The Bulletin df the Society is now being subscribed 
by some of the Universities of Europe and America. 


7. Arrangements have been made for the regular review of all 
the papers published in the Bulletin in the Revue Semestrialle des 
Publications Mathématiques. Тһе Society is also in correspondence 
with the Editors of Fortschritte det Mathematik for review in that 
journal of all the papers published in the Bulletin. . 


8. The Caleutta Mathematical Society as it now stands after 
.ten years of active and continuous existence may be said to have 
been firmly established. А bright future of the Society is assured 
under the benevolent care of its distinguished first President who has 
always given to the Society ungrudgingly and cheerfully a portion 
of his most precious time to the great encouragement of the members 
of the Society. There has seldom been a meeting of the Society in 
which his inspiring presence has been missed. Under his fostering 
care a bright progeny of young mathematicians are fast springing up 
in Bengal. The output of mathematical research in Bengal is 
yearly inereasing in quality and quantity, so much so, that the 
Society will have ere long to seriously consider the issue of its Bulletin 
once in two months, if not oftener. 


9. The best thanks of the Society are due to the authorities 
of the Caleutta University Press for publishing the Bulletin on 
behalf of the Society almost free of charge and to the Superintendent 
of the Press for expediting the printing of the Bulletin which has 
enabled the Society to issue four numbers in the year under review. 


10. Twenty-three ordinary members and five honorary members 
were elected in 1919 against 17 ordinary members іп 1918 and 7 in 
1917. There are altogether about 160 ordinary members and 25 
honorary members. 
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‘The following papers were read before the Calcutta Mathematical . 
Society during the year 1919: — 

1. Dr. Syamadas Mookerjee :—“ Normals and Cyelie Points.” 
(Vol. X, No.2). | . 

2. Prof. Sudhansu Kumar Banerji :—“ On Surface Waves and’ 
Tidal Waves near а Promontory." (Vol. X, No. 1). 

3. „Ме. Mohitmohan Ghosh :—“ The Mathematical Theory of 
Diffraction by an Elliptie Aperture." : 

4. Mr. Bhupendra Chandra Nas :—“ On the formation of optical 
images by a diffracting boundary.’ ' (Vol X, No. 3). 

5. Dr. Syamadas Mookerj jee:— On the в and 
correlation of certain theorems in hyperbolie geometry." 

6. Mr. Sasindra Chandra Dhar:—' On a certain integral 
equation and on Joachimsthal’s attraction problem.” (Vol. X, No. 3). 

7. Mr. Bijanehandra Dutt :—“ On the steady motion of a viscous 
fluid due to the rotation of two rigid bodies about arbitrary axes." 
(Vol. X, No. 1). 

8. Mr. Sasadhar- Das Gupta:—“On some cases of tidal 
oscillations in canals of variable section.” (Vol. X, No. 2). 

9. Mr. P. М. Dutt :—“ Mathematics m every-day life.” 

10. Dr. Syamadas Mookerjee :—** Пе Rectangular Pentagon in 
Hyperbolie and Spherical Trigonometry.” 

11. Prof. C. V. Raman :—‘ А note on the Doppler effect in the 
molecular scattering of radiation." 

* 12. Prof. C. V. Raman :—“On the diffraction of light within 
the human eye." 
^'18. Prof. Sudhansu Kumar Вапегл:—“ Оп the diffraction of 


` light by a dielectric wedge.” (Vol. X, No. 4). 


па Mr. Nikltlranjan Sen :— Оп the application of 
discontinuous integrals to the determination of the potentials of 


. керше incomplete ellipsoids.” (Vol. X, No. 3). 


` 15. Mr. Satyendranath Ваза :—“ Оп the integration of the 


* stress equations in elasticity.” (Vol, X, No. 2). 


16. Mr, Haripada Datta:—' On some properties of natural 


numbers." (Vol. X, No. 4). 

17. Prof. С. E. Cullis :—“ Evaluation of the үш matrix iu 
any commutantal product of simple бшен matrices.” 

18. Prof. C. V. Raman :—* On the form of the internal fractures 


prod uced by impact.” р 
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`19. Prof. Sudhaüsu Kumar Banerj ji :—“ On a class of ellipsoidal 
harmonics.” (Vol. X; No. 2). : ЖЕ: 
“20° Мт. Nripendranath Sen :—“ Liquid motion inside a rotating 
elliptic quadrant.” 
21. Mr. Sisirkumar Mitrae—“ On the’ diffraction figures due to 
a heliometer.” - 
99. Mr. Satyendranath Basu :—“ On the ер polhode." 
23. Mr. Bholanath Pal :—“ On the numerical caleulation of the 


roots of the equations P," (д) = 2 aud р P,"(p)z0 regarded as 


equations in т, Part IT.” (Vol. X, No. "id 

24. Mr. Abanibhusan Datta :—“ On a geometrical treatment of 
the problem diffraction by a Cone.” (Vol. X, No. 4). 

25. Mr. Bhupatimohan Sen :—“ A note on the deformation of 
surfaces." (Vol. X, No. 4). 

26. Prof. Sudhausukumar Banerji :—'* On Spherical Waves of 
Finite Amplitude." — - 

27. Mr. Nikhilranjan Sen :~—On the vibration of an, elastic 
sperical shell iu agaseous mediüm." í 

28. Mr. Bholanath Pal:—“On the motion of an elongated 
spheroid in a viscous fluid.” 

29. Mr. Nripendranath Chatterji :—'* On some defects in the 
existing methods of solving algebraic equations by radicals, Part I." 

30. Mr. Bibhutibhusan Datta :—“ Оп the stability of а hollow 
vortex in a compressible fluid.” 

` $1. Prof. C. E. Cullis :—* The general commutant of any two 
simple square antecanonicants.” 

32. Prof. Sudhansukumar Banerji:—' One some peculiarities 
of the free oseillations of a gas within a rigid ellipsoidal envelope." 
(Vol. X, No. 3). ° | 

33. Mr. Surendraoath  Sen:— The double-origin angular 
eo-ordinates." 

34. Mr. Nripendranath Cbatterji:—'' On some defects in the 


existing methods of solving algebraic equations by radicals, Part IT.” • 


35. Mr. S. M. Kamalkar:—' Note оп’ a process in 
factorisation.” 
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Treasurers Stateent Sor the year 1919. 


' [Audited.) 


RECEIPTS. 
. 
Opening Balanee Е 
Receipts from annual БЕЙ БШ, admission 
fees and'sale of publieatious 


LÀ 


Tora 


DISBURSEMENTS. 


Purchase of books and periodicals ... 
Book binding е paw, Se 
"s(ablishment 

Payment of outstanding bills at "dis previous 
year 

Miscellaneous, ndis charges Еў printing of 
notices, preparation of blocks, expenses of 
meetings, postage aud stamps and other 
contingencies 

Closing Balance 


Tora. 


Rs + he P 


322 13 0 





1,067 0 0 
1,889 13 0 
70 12 0 
119 8 0 
128 00 

580 

e 

289 18 6 
476 3 6 
1,389 13 0 


